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1 Introduction 


In non-relativistic quantum physics Schrodinger operators with magnetic fields play an 
important role |2(| |27j . In suitable physical units they are given by differential expressions 
of the form 


H a (A, V) = - (—iV - A(x)f + V{x) 


( 1 . 1 ) 


over the configuration space A C R d . Here the scalar potential V is a real-valued function 
on A representing the potential energy. The vector potential A is an Revalued function on 
A giving rise to the magnetic field V x A. For the purposes of quantum physics H\(A, V ) 
has to be given a precise meaning as a self-adjoint operator acting on the Hilbert space 
L 2 (A) of complex-valued wave-functions on A. Clearly, if A ^ W l this requires to impose 
boundary conditions on the wave functions in the domain (of definition) of H\(A, V). 

As impressively demonstrated in Simon’s landmark paper [Q, many spectral prop¬ 
erties of H\(A,V ) can efficiently be derived by studying the Schrodinger semigroup 
^Q—tHA(A,v )^ . The latter can be done by probabilistic techniques via the Feynman- 

Kac-Ito path-integral formula. In fact, the works [[H], [58|] make essential use of this 
approach for the case A = 0 and A = M d , that is, when both the magnetic field vanishes 
and the configuration space is the whole Euclidean space. For A = 0 and A C some 
results may be found in |64|, Chapter 1]. Another recent monograph further elucidating 
the relation between “quantum potential theory” and Feynman-Kac processes is 0. 

on 


The main goal of the present work is to extend some of the key results in [10, 58 


continuity properties to rather general A and A. In doing so, we follow |58| in restricting 

























CONTINUITY PROPERTIES OF SCHRODINGER SEMIGROUPS 


3 


ourselves to Kato decomposable |37j scalar potentials V. The class of vector potentials A 
considered will only be restricted by local Kato-likc conditions. The configuration space 
will either be A = R d or an arbitrary non-empty open subset A C R d . Since vector 
potentials in one spatial dimension are of no physical interest, we will only consider 
dimensions d > 2. As for the necessary boundary conditions for A 7 ^ R d , we are only 
able to handle Dirichlet conditions. Apart from that, in our opinion, the resulting class 
of Schrodinger operators with magnetic fields is general enough to cover most systems of 
physical interest with finite ground-state energy. Continuity properties of the generated 
semigroups have turned out to be valuable in obtaining interesting results in that field 
of mathematical physics where magnetic fields play a major role. We mention so-called 
magnetic Lieb-Thirring inequalities 


heat-kernel estimates 


and the existence 


and Lifshits tailing of the integrated density of states of random Schrodinger operators 
B E3 0' EH • I 11 P rov i n g blie statements of the present paper we closely follow |T{], |B1| 

using the probabilistic approach. Since we aim at a reasonably self-contained presentation 
which is intelligible for many readers, our arguments are perhaps more detailed than usual. 

The reader should note that Simon’s work [|58| is followed by several other interesting 
developments in semigroup theory relating to Schrodinger operators. While some of them 
rely on probabilistic techniques, others do not. In a setting closest to that of the present 
paper one of us |H], [J5|] has considerably relaxed the conditions imposed on the vector 
potential A. Related results with A / 0 but with weaker assumptions on the scalar 
potential V have been obtained in jEJ building on the works [| 68 ], |39| for A = 0. Basically, 
in |k| [LJ the negative part of V no longer needs to be infinitesimally form-bounded 
relative to the unperturbed Schrodinger operator H\(0, 0). There has also been a lot 
of activity |L4], [15|, [R], [43| in studying perturbations of positivity preserving semigroups 
with generators more general than H\(0, 0). Extensions into other directions investigate 
perturbations by measures instead of functions 1 . 0 . 0 . 000 . Last but not least we 
mention the progress for Schrodinger-like semigroups with an underlying configuration 
space which is only locally Euclidean, see also JTB|, [TB| . 

For a wealth of information on regularity and spectral properties of Schrodinger 
operators (for A = R d ) with or without magnetic field we recommend the recent works 
, see also 


32], 0, 


and references therein. In contrast to the present paper these 


works do not rely on semigroups. 


2 Basic definitions and representations 


In this section we fix our basic notation and give a short compilation of the classes of scalar 
potentials V and vector potentials A which we will consider. Moreover, we will give a 


precise definition of the Schrodinger operator (|1 . 1|) and recall the appropriate Feynman- 
Kac-Ito formula for its semigroup. 

The open ball of radius g > 0 centered about the origin in the ^-dimensional Euclidean 
space R", v E N, is denoted by 


B e := {1 £ I" : |x| < g} . 


( 2 . 1 ) 


Here |x| := (x ■ x) 1 ^ 2 is the norm of x = (x\,..., x u ) G R 1 ' derived from the scalar product 
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x ■ y : = e;=i Given a subset 12 of M 1 ' we write 




1 for lu G 12 
0 otherwise 


( 2 . 2 ) 


for its indicator function. The closure of 12 is written as 12 and its boundary is denoted 
by dfl. 

We denote the nabla operator ..., in M 1 ' as V and the Lebesgue measure 
on the Borel subsets of M” as dx. All real-valued or complex-valued functions on M" are 
assumed to be Borel measurable. If not stated otherwise, we identify functions which 
differ only on sets of Lebesgue measure zero. 

The Banach space L p (12) of y th -power Lebesgue-integrable functions (1 < p < oo) on 
a Borel set If C M" of non-zero Lebesgue measure consists of complex-valued functions 
-0 : O —^ C such that the norm 

{ ( f \^(x)\ p dx\ p < oo 

V Jn ) for (2.3) 

ess sup 0(x) | p = oo 

is hnite. We recall that L 2 (12) becomes a Hilbert space when equipped with the scalar 
product 

(00):= f (0(x))* ip(x) dx. (2.4) 

Jo. 

Here the star denotes complex conjugation. The norm of an operator X : L p (12) —> L 9 (12), 
1 < P, q < oo is defined as 

l|W|| := sup IIX^II,. (2.5) 


The space L(( nif loc (Q) of uniformly locally y th -power integrable functions (1 < p < oo ) 
consists of functions 0 : 12 —> C such that the norm 


L unif, loc (^) 


sup 
ess sup 0(x)| 


\^(y)\ P X Bl (x -y)dy) 


\ i/p 




p < oo 


for 


( 2 . 6 ) 


p — OO 


is hnite. The space Lf oc (!2) of locally p th -power integrable functions (1 < p < oo ) consists 
of functions 0 : 12 —> C such that *= L p (12) for all compact K C Q. 

The positive part f + and the negative part f~ of a real-valued function / on 12 are 
dehned by 


f ± (x) := sup{±/(i),0 }, ieU. 


(2.7) 


In case that 12 C M" is open, we write C(12) for the space of complex-valued continuous 
functions on 12. The subspace of arbitrarily often differentiable functions with compact 
support inside 12 is written as Cq°( 12). 
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In the following A denotes a fixed, non-empty, open, not necessarily proper subset of 
J8L d , d > 2. We stress that we will always assume d > 2. In physical terms, A serves as 
the configuration space. Any complex-valued function / defined a priori on A will be 
understood to be trivially extended to R d by defining f(x) := 0 for x ^ A without further 
notice. We use this extension convention to injectively embed L P (A) into L p (M d ), 
1 < p < oo, and thus have L P (A) C L p (M d ) and similarly Cq°(A) C C“(M d ) etc. We write 

f— In Id d — 2 

9.W : =Xj,W | |i|H f0r d>3 (2 ' 8) 

for the repulsive Newton-Coulomb potential on R d truncated outside the Ball B g . 

Definition 2.1 

A scalar potential is a real-valued function V on A. The function V is said to be in 
the Kato class )C(R d ) if 


lim sup [ g e (x - y)\V(y)\dy = 0. (2.9) 

el° J 

The function V is said to be in the local Kato class JCi oc (R. d ) ifV\ K £ /C(R rf ) for 
all compact K C R d . The function V is said to be Kato decomposable, in symbols 
V G /C ± (M q! ), ifV + e JCiocfMf) and V~ G /C(R d ). The Kato norm is given by 


ll^k(R d ) : = sup 



y) |V(»)| dy. 


( 2 . 10 ) 


even 


Note that due to the above extension convention it is reasonable to state V G /C(R 
if V is a priori only defined on ACKf 

The following remarks are borrowed from jl3| Chapter 1.2], [|. Section 4] and (TT 
Chapter 3]. 


Remarks 2.2 

i) To find out whether or not a function belongs to the Kato class or local Kato 
class the following inclusions may be helpful. For p > | one has 

l;„„, ,„c(K' < ) C /C(M d ) C LV t> loc (K J ), (2.11) 

Lfoct*") C ACtoctK") C Lk(R“). (2.12) 


n 


The Kato class is complete with respect to the Kato norm |58|, Erratum], | |G8| . 
Section 5], that is, /C(M d ) is a Banach space. The inclusions ([2.11|) hold also with 
respect to convergence in norm, that is, convergence in || • || l p / R <n implies 


convergence m 
where p > 


which in turn implies convergence in 


T 1 

^unif, loc 
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in) Let 2H\(0, 0) denote the self-adjoint Friedrichs-extension on the Hilbert space 
L 2 (A) of the negative Laplacian -V- V on Cq°(A), that is, —2i/ A (0,0) is the 
usual Laplacian on A with Dirichlet boundary conditions. Then any V G /C(R d ) 
is infinitesimally form-bounded Definition p. 168] relative to H\( 0,0) [llj. 
Corollary to Theorem 3.25]. Alternatively, this follows from [[37], Proposition 2.1] 
or H Theorem 4.7] used with the fact that, by the extension convention, the 
form domain of if A (0,0) is a subset of the form domain of H R d( 0,0). The 
class /C(M d ) is nearly maximal with respect to infinitesimal form-boundedness 
, Theorem 1.12], Consequently, the set of Kato-decomposable functions 
should contain all physically relevant scalar potentials, which lead to Schrodinger 
operators (0) with a finite ground-state energy. 

iv ) An example illustrating the admissible local singularities of scalar potentials in 
/C(R d ) for d > 3 is 


13 


V,(x) 


Qi/2pr) 

x\ 2 |In |x| | M ’ 


fi > 0, 


(2.13) 


where @ 1/2 is some real-valued function in 
ball H 3/4 and furthermore obeys ©i/ 2 (t) = 1 for |x| < 
Example (a) p. 8 ], [|2], Proposition 4.10] one has the equivalence 


which vanishes outside the 
1 / 2 . According to |I3|, 


V u G /C(M d ) ^n>l. 


(2.14) 


Note that, for d = 3, V/ obeys the Rollnik condition |53| , Chapter I] whenever 
H > see |)3|, Example 1.6.3]. Finally, V/ is infinitesimally form-bounded relative 
to H R d( 0 , 0 ) for all p > 0 . 


Useful for handling Kato-decomposable functions is the following possibility to approxi¬ 
mate them by nice functions. 


Proposition 2.3 

Let V G JC±(W 1 ). Then there is a sequence {14} ngN C C^°(M d ) such that 

\\( V ~ V n)x K \\ Km = 0 (2.15) 

for all compact K C and 

sup sup / g e (x-y) V~(y)dy < sup / g e {x - y) V~{y) dy (2.16) 
for all 0 < q < 1 . 

This approximability and the idea of its proof have been stated in [[58], § B.10]. The 
approximating sequence {V n } may be constructed from V in the following standard way. 
The potential V is smoothly truncated outside an increasingly large ball and then mollified 
by convolution with an approximate delta function in C^°(M d ). Since V G JC±(W I ) is locally 
integrable, the resulting approximations are in Qj°(R d ). Then patiently estimating shows 
that Q2.15|) and (|2.16|) can be fulhlled. The details can be found in Appendix |A|. 

We now define the classes of vector potentials to be dealt with in the sequel. 
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Definition 2.4 

A vector potential is an W l -valued function A on A. A vector potential A is said 
to be in the class 74 (R d ), if its squared norm A 2 := A ■ A and its divergence V ■ A, 
considered as a distribution on Co°(R d ), are both in /C(R d ). It is said to be in the class 
Tii oc (R d ), if both A 2 and V ■ A are in /C/ oc (R d ). 

Remarks 2.5 

i ) As it should be from the physical point of view, only local regularity conditions 
are required for a vector potential to lie in 74io C (® rf )- Moreover, since once 
continuously differentiable vector potentials are included, in symbols (C 1 (M d )) £Z C 
7di oc (R a! ), most physically relevant vector potentials are covered. From this point 
of view the class 74 (R d ) is of less interest, because, for example, any vector 
potential A E (C 1 (R 3 )) 3 giving rise to a constant magnetic field V x A lies 
in 74i oc (R 3 ) but not in 74(R 3 ). Therefore, we try to avoid global regularity 
assumptions as far as possible, that is, we aspire after results valid for vector 
potentials in 7-fi oc (R d ). 

ii) With regard to the one-parameter family of vector potentials considered in |T3| , 
Theorem 6.2], we note that the spectrum of the associated Schrodinger operator 
dramatically changes its character precisely at that parameter value where the 
border between 74(R d ) and H\ oc (M. d ) is reached. 

in) The local singularities admissible for vector potentials in 74(R d ), d > 3, are 
illustrated by the example 

]?t(UW) 1/2 , (2.17) 

where Vis defined in ( |2.13| ) . According to Remark 
p > 1, but 

A^ G H(R d ) p > 2, (2.18) 

as can be seen by explicitly calculating V ■ A^. 

Similar to Kato-decomposable scalar potentials, vector potentials in 7di oc (R ri ) can be 

approximated by smooth functions. 

Proposition 2.6 

Let A E Tii oc (R d ). Then there is a sequence {A m }meN C (C^°(R d )) £Z such that 

JiL II- Am ) 2 xJjc(r<) = 0 ( 2 - 19 ) 

and 

||(V ■ A - V • A m ) x K \\ md) = 0 (2.20) 

for all compact K C R d . 


2.2.iv) 


one has A~ E /C(R ) 
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The proof is similar to the one of Proposition |2.3| and is given in Appendix |A|. 

The next topic is the precise construction of the Schrodinger operator ( |1 . 1| ) as a 
self-adjoint operator acting on the Hilbert space L 2 (A). Here we use the definition via 
forms |H], Section VIII.6], [50], Section X.3], [P|, Section 1.1], 

In a first step we consider A G 7-fi oc (M d ) and V + G /Ci oc (R d ). The sesquilinear form 


h 


A,V+ . ^7oo 


C„“(A) x CS°( A) C, -0) h£ v *(M) 


( 2 . 21 ) 


where 


!>£**{*,*) ■- I (V*)b) + \ E((- ! V - A)> I (-iV - A)#) (2,22) 

3 = 1 

is densely defined in L 2 (A) and non-negative. For A = W 1 the closure of the form (|2.21| ) 
has form domain 

: = W e L2 ( M ") : H V - A W e ( L2 (® d )) d i ( V + )h e L 2 (M d )| (2.23) 


see 


57], |T3], Theorem 1.13]. For general open AC1“ the completion Q( h 


with respect to the form norm 


A,V+ 


W\ h A,v+ := \JU\ || + /?,A y+ (^,^) 


of eg 0 (A) 


(2.24) 


cannot exceed L 2 (M d ) because the form is closable for A = M rf . Since L 2 (A) is a 
closed subspace of L 2 (M d ) the completion is even a subspace of L 2 (A). Thus the form 

(|2.21| ) extended to the domain Q.(h\’ V+ ^J is non-negative and closed. According to |5l| , 

Theorem V111.15] it therefore defines a unique self-adjoint operator on L 2 (A) denoted as 
H a (A,V + ). 

Before proceeding with the construction of the Schrodinger operator we note that the 
just-defined Schrodinger operator H a (A, 0), A G Hi oc (R d ), obeys the so-called diamagnetic 
inequality 


r tH A (A, o)^| < e -«r A (o,o)|^ ^ g L 2 (A), t > 0. 


(2.25) 


For A = the inequality may be found in |58|, Proposition B. 13.1], || Theorem 2.3]. 
For general open A C W l the estimate ( |2.25|) is given in |47], Corollary 3.6] and is a special 
case of [[4^, Corollary 2.3]. Moreover, we will get it in the version (|2.25|) from Lemma [B.5| 
in Appendix [B] devoted to a proof of the Feynman-Kac-Ito formula below. 

In the second step we consider A G Hi oc (R d ) and V G /C-t(M d ). According to 
Remark [2.2 .in) V~ G /C(M d ) is infinitesimally form-bounded relative to L/a(0,0). This 
and the diamagnetic inequality (|2.25|) imply that V~ is infinitesimally form-bounded 
relative to H a (A,0) < H a (A,V + ). In the case A = the last statement is proven in 
H Theorem 2.5], |56], Theorem 15.10]. For general open A C it is proven in |47], 
Proposition 3.7]. All three proofs are virtually identical. 

Due to the established form-boundedness the KLMN theorem [50, Theorem X.17] is 
applicable and ensures that 


h 


A,V 


Q h 


,A,V+ 


M hf v (<p,il>) := h^-' ' ((/>,ip) - ((V )iij> (V )iip) 


x Ql h A /* 

A,V+ 


C, 


(2.26) 
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is a closed sesquilinear form bounded from below and with form core C£°(A). The 
associated semi-bounded self-adjoint operator is denoted as Ha(A, V). 


Remarks 2.7 

*) 


Of course, the above construction of Ha(A,V ) works for A 2 , V + G L 1 1 oc (M d ) and 
V~ form-bounded relative to Ha(A,V + ) with bound strictly smaller than 1. If 
we even assume A 2 , V ■ A, V + G L] 2 oc (M d ) the construction of Ha(A,V) is a bit 
easier, since then the form (| 2 . 21 |) comes directly from the non-negative symmetric 
operator 


m 


C 0 °° (A) 


L 2 (A), 


^ 2 ( - 


-iV - A) 2 i/j + V + ip 


(2.27) 


and is therefore closable [pD 

a) C“(M' 


Theorem X.23]. 


d ) is not only a form core but even an operator core for H^d(A,V), if in 
addition to A G 7dioc(E d ), V G /C ± (M d ) one has A 2 , V ■ A, V G L 2 oc (M d ). This 
follows from |H], Theorem 2.5]. In |58| , Theorem B.13.4] the statement without 
the restriction V • A G L 2 oc (M d ) is incorrectly ascribed to [|4(J. Other criteria for 
the essential self-adjointness of H R d(A, V ) on C“(M d ) may be found for instance 
in (!(], Theorem 3] and, more generally, in [j|l], Corollary 1.4]. 

If A 7 ^ R d the above construction of Ha(A, V ) corresponds, roughly speaking, to 
imposing Dirichlet boundary conditions on <9A in order to render (| 1 . 1 | ) formally 

self-adjoint. In fact, for A = 0 one has = Q(V + ) fl H 1 (A) where H^A) 

is the Sobolev space of functions in L 2 (A) vanishing on <9A in distributional 
sense and having a square-integrable distributional gradient, see, for example, 
p]|, Section 2.3]. 


We are going to recall the Feynman-Kac-Ito formula for the semigroup { e ~ tH A A ^ )} f > 0 
generated by the above-defined Schrodinger operator Ha(A, V ). 

We denote by P x . Wiener’s probability measure associated with standard Brownian 
motion w on having diffusion constant | and almost surely continuous paths s t—> w(s) 
starting from x G that is, tc(0) = x. The induced expectation is written as E x . 

According to P, Theorem 4.5] the Kato class is conveniently characterized in terms of 
Brownian motion by the following equivalence 


/ G JC(M. d ) lim sup E x 

T° xe« d 



\f(w(s))\ds 


0 . 


(2.28) 


This is a consequence of the chain of inequalities 


CM / g t *(d)(x-y) \f(y)\dy 


< E x 


\f(w(s))\ds 


LJo 


(2.29) 


<C 2 {d ) / g e (x-y)\f{y)\dy + C 3 (d,e,t)\\f\\ L i 
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which hold for all d > 2, 0 < £ < 1, 0 < £> < |. Here we have set ft(2) := 1 and ft (d) := | 
for d > 3 and Ci(d), 62 (d) are strictly positive constants. Moreover, 63 is a function 
obeying limq 0 C^d, g, t) — 0 for all d>2, 0<£><|. This chain of inequalities is implicit 
in the proof of Theorem 4.5]. 

Since, almost surely, Brownian-motion paths stay for finite times in bounded regions, 
the equivalence (|2.28|) proves the implication 


/e/C 


loc \ 


p. 


|/(w(s))| ds < 00 > = 1, x G t > 0. 


(2.30) 


Confer the proof of Lemma |C. 8 | of Appendix 0. 


Remarks 2.8 


i ) The implication ( |2.30|) explains with the help of |25| , Section 4.3] or [^, Defini¬ 
tion 3.2.23] that the stochastic line integral in the sense of Ito 


A(tc(s)) • dw(s) 


(2.31) 


of a vector potential A e 7d loc (M d ) is for all x = w(0) e R d a well-defined 
stochastic process possessing a continuous version. 

it) For a vector potential A e 7-^i oc (M d ) and a scalar potential V G /C±(M d ) the 
potentials’ part of the Euclidean action 


1 1 —> S t (A, V\w), t > 0, 


(2.32) 


where 


S t (A, V\w) := i f A(w(s)) ■ dw(s) + - f (V ■ A) (w(s)) ds 
Jo 2 J o 

+ f H(tc(s))ds 

Jo 


(2.33) 


is for all x = w( 0 ) G a well-defined complex-valued stochastic process 
possessing a continuous version. This follows from the preceding remark and 
([2.30|) , confer [H], Lemma 3.1]. 


Our basic tool will be the following variant of the Feynman-Kac-Ito formula. 


Proposition 2.9 

Let A G 7 Li 0C (R d ), V G /C ± (M d ) and ACS ' 1 open. Then for any if G L 2 (A) and t > 0 


one has 

(e-tHRA,v)^ ( x ) = Ex [ e -s t (A,v\w) Z Att (w)lf(w(t))] 
for almost all igA, where 

1 ifw(s ) G A for all 0 < s < t 


-A 


M : = 


0 otherwise. 


(2.34) 


(2.35) 
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For A = M d , V ■ A = 0 the proposition is a special case of J56|, Theorem 15.5]. The 
proof given there can be extended easily to A = M d , V • A G L 1 1 oc (R d ). For A C M d , 
A = 0, V = 0 the proposition is equivalent to j54|, Theorem 3] and Theorem 21.1]. 


Finally, for A C R d , A = 0, V + G ICi oc (R d ), V~ = 0, the proposition follows from |64] , 
Proposition 1.3.3, Theorem 1.4.11]. We have not found a proof for the above setting 
in the literature. Therefore we give a detailed proof in Appendix jBj. There we use 
Proposition [279] for A = R d to get ([2734]) for A C A G H\ oc (R. d ) and V G L°°(M d ) in 
a way patterned after the proof of |54| , Theorem 3], (56|, Theorem 21.1]. Eventually we 
generalize the achieved result to the assumptions of the proposition by an approximation 


technique taken from the proof of (56, Theorem 6.2], 

With considerably more effort it is possible to prove a Feynman-Kac-Ito formula for 
still more general vector potentials, see ||34]. |3o|| . There is even a Feynman-Kac-Ito formula 

m 


under virtually minimal conditions 
than Q2.34|) . 


which suffers, however, from being less explicit 


From the triangle inequality and the proof of |T0], Proposition 3.1] or p8] , Theo¬ 


rem B.1.1] the right-hand side of ( |2.34| ) - considered as a function of x is seen to 
lie in L^A) for any -0 G L P (A) where t>0,l<p<g<oo. This statement is also a 
special case of Lemma |C.1|. Hence the right-hand side of f[2.34|) can be used to define an 


operator T* : L P (A) —> L 9 (A). By the same argument this operator is bounded, that is, 


\ T P,q\\p, q < °°> t > 0, 1 < p < g < oo. 


(2.36) 


The family of operators {T pq } t > o,i<p<g<oc thus obtained constitutes a one-parameter 
semigroup in the sense that 


T u = 1 

p,p ’ 


rns-\-t _ rps ^ rjit 

1 P,r ~ 1 q,r ° 1 p,qi 


s,t > 0, 1 < p < q < r < oo. 


(2.37) 


This follows from the Markov properties of Brownian motion and of the Ito integral in 

•t 


( |2.33|) . Moreover, the family is self-adjoint in the sense that the dual mapping of 7)( q is 
p, q , where the indices p', q' dual to p, q are defined as usual through A + ^ := 1 A + A 


Tp, q , where the indices p', q' dual to p, q are defined as usual through p + p 

In the next section we will see that {T pp } t > 0 is a strongly continuous semigroup for 
all finite 1 < p < oo. Nevertheless, for mnemonic reasons, we will always write e ~ tH A A T) 
instead of T p q for all 1 < p < q < oo. 

Within this notation the triangle inequality applied to the right-hand side of (|2.34|) 
generalizes the diamagnetic inequality (|2.25|) to 


>-tH A (A. 


v) i>\ < 


-tH A (0,V) 


|^|, i/j G L P (A), 


(2.38) 


confer [^8[ Theorem B.13.2], |42], Equation (2.13)]. 

For vanishing magnetic held A = 0 the semigroup is increasing in A in the sense that 
for AC A'C W d , A, A' open, one has 

e -tH A (o,v) x ^ < e -tH A ,( o,v)^ ( 2 . 39 ) 

for all > 0, i/) G L P (A'), 1 < p < oo and t > 0. Because E At < Sa',*, this follows from 
( |2 .34)) by inspection. 

The above-mentioned boundedness of Q~ tH U AA ) can now t, e sharpened to the state¬ 
ment that for given V G /C±(M d ) there are real constants C and E, independent of t , p 
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and q, so that 


\ e -tH A (A,V)\\ < || e -tH A (0,V)l| < \\ e -tH Rd (0,V)|| 

I Up, q — II Hp.9 — II Up,? 

' C e~ tE l<p<q<oo 

< < for 

Ce f l<p = g<oo 


(2.40) 


for all A G 7dioc(M d ). The first inequality follows from ( |2.38| ), confer [^, Corollary B.13.3], 
the middle inequality is a consequence of (|2.39|) and the last inequality is given in |58|, 
Equation (B.ll)]. For related estimates see also [|2], Section 1] and references therein. 
Furthermore, C and E can be chosen |58|, Theorem B.5.1] such that E is any number 
smaller than the inhmum of the L 2 (M rf )-spectrum of H R d( 0, V). 

Eventually, we turn to the notion of a configuration space with a regular boundary. 


Definition 2.10 

A set A C is called regular, if it is open and 

E*[H A ,tH] = 0 (2.41) 

for all x G <9A, t > 0. The set A C M. d is called uniformly regular, if it is open and 

lirn sup E a ,[S A ,t_ T (w(« + r))] = 0 (2.42) 

T l° xGdA 

for all t > 0. Furthermore, it is understood that A = M. d is both regular and uniformly 
regular. 


Remarks 2.11 

i) The above definition of regularity is equivalent to the standard one || Defini¬ 
tion II. 1.9], (48], Section 2.3], which employs first exit times. More precisely, 
A C M. d is regular if and only if it is open and 


„{inf{s > 0 : w(s) fL A} = 0} = 1 


(2.43) 


for all x G <9A. To prove this assertion we first mention that by the definition 
(|2.35|) of Z A>t (w), ( p.43| ) implies ( |2.41|) . To show the opposite direction, note that 


t f—> (w(s) G A for all 0 < s <t} (2.44) 

is decreasing in the sense of set inclusion. Therefore, (|2.43|) is equivalent to 


(ta(s) G A for all 0 < s < t} = 0, 

,t>o,teQ 


(2.45) 


where Q denotes the set of rational numbers. Due to ( ]2.35|) , (|2.41|) implies ( p.45|) . 
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ii) Using dominated convergence, one checks that ( |2.41| ) is equivalent to 


lim E x [H Ait _ r (w (• + t))] = 0 

rjO 


(2.46) 


for all x G dA, t > 0. Therefore, regularity of A is implied by uniform regularity, 
as it should. 


There are several known conditions implying regularity, see, for example, || Section II. 1], 
(48], Section 2.3]. Here we only recall Poincare’s cone condition, because it may easily 
be adapted to uniform regularity. The open set 

C r p(x,u) := {y G R d : 0 < \y — x\ < r, 0 < u ■ (y — x) < \y — x\ cos/3} (2.47) 

is called a finite cone with vertex at x G M. d in direction u G |it| = 1, with opening 
angle 0 < (3 < | and radius r > 0. 


Proposition 2.12 

Let A C M. d open. 

i) If for all x G dA there is a finite cone C r p(x,u ) C M d \A, u G \u\ = 1, r > 0, 
0 < (3 < then A is regular. 

ii) If there are constants 0</3<^,r>0 such that for all x G dA there is a finite 
cone C rt g(x,u) C M d \A, u G M. d , \u\ = 1, then A is uniformly regular. 


Proof: 

The first assertion is proven in 
Remark |2.11.z) . 


as Proposition 1.13. This may be seen, using 


To show the second part, we use for x G dA the estimate 


E x .[S A ,t- T (M* + r))] < E x . ^ Rd \c rAx ,u),t-r( W (* + r )) 


— En 


■ J R d \C r . i) a(0,«) ,t 


iu- r M # + r )) 


(2.48) 


where the equality follows from the rotation and translation invariance of Brownian motion 
and u is any given unit vector. By the first part of the proposition, M d \C r!( g(0, u ) is regular. 
Thus the right-hand side of (|2.48|), which is independent of x G M d , tends to 0 as r J, 0 


due to Remark |2.11Ai)| . This proves (]2.42|) , whence uniform regularity. 


3 Continuity of the semigroup in its parameter 

The following result is a straightforward generalization of m Proposition 3.2] to non-zero 
magnetic fields and A C R d . 
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Theorem 3.1 

Let A G Hi oc (R d ), V G /C ± (M d ) and AC| d open. Moreover, let 1 < p < oo be finite. 
Then the semigroup 


{■ e-tHRAy) . L p( A ) ^ L p (A)} t>0 
as defined in Section |] is strongly continuous, that is, 


lim 

t'-u 


e -tH A (A,V) _ e -t'H A (A,V) 




= 0 


for all if G L P (A) and all t > 0. 


(3.1) 


(3.2) 


Proof: 

Due to the semigroup property ( |2.37| ) for p = q = r we may assume 0 < t, t' < 1. Then 
the norm in (|f 2| ) is bounded from above by 


sup 11 e 

0<t<l 


-tH A {A,V) I 


\p,p 




(3.3) 


Using ( |2.4(J| ) it is therefore sufficient to show ( |3.2| ) for t = 0. Since ( |3.2| ) holds in the free 
case A = 0, V = 0 and A = R d , it is enough to establish 


lim 11 D 


t,ts 


Uo " ' p 

Here we have made use of the abbreviation 


= 0 . 


D,r ' ^ 


,0 ) e -(t-r)H A (A,V) _ e -tH A (A,V) 


(3.4) 


(3.5) 


where 0 < r < t. The Feynman-Kac-Ito formula ( |2.34| ) and the Jensen inequality 
|E*Hl p <E*[|«| p ]give 


\(D, t ^)(x)\ r < E* 11 — e s ‘ (J '' / l” ) S A j(to)| p |V>(m(i))| p 


(3.6) 


Exploiting that St(A,V\w) turns into its complex conjugate under time reversal of 
Brownian motion, (|3.6|) leads upon integration over x G A to 


I D 


t,ts 


< / E t 


11 — e 3t( ' A,v \ w ) E A fiw)\ P \if(x)\ p dx. 


(3.7) 


Using \z — z'\ p < 2 p (|z| p + \z'\ p ) for z, z' G C, we obtain 


h _ e -St(A,V\w) I 


\DtM p ) < 2 ^ JR. 

+ 2 p I E x [l - S Ait («;)] \if(x)\ p dx 

J A 

and employing additionally — V < V~ and t < 1 we get 


x)\ p dx. 


(3.8) 
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The action S t (A,V\w) vanishes for all x = w(0) almost surely as t J, 0 due to 
Remark |2.8.A)|. Moreover, 


E,, 


IA 


1 + e 


—Si(0,— pV \w) 


(x)| p da: < ( 1 + 


)-H wd (0,-pV ) 


/ < oo (3.10) 


by (p.34| ) and ( |2.40| ). Hence the dominated-convergence theorem implies that the first 
integral on the right-hand side of (|3.8|) vanishes as t J, 0. In order to show that the second 
integral vanishes too, we claim 


lim sup E iT [ 1 — S A ,i(w)] = 0 
TO x£A r 

for all r > 0. Here 

A r := {i 6 A: \x — y\> r for all y G <9A} 
denotes the set of points well inside A. In fact, one has 


sup E a [l-S Ait H] <P(4 sup |w(s)| > r 

X&A r l 0<S<t 


(3.11) 


(3.12) 


(3.13) 


and the right-hand side vanishes as t J, 0 due to Levy’s maximal inequality |56| , 
Equation (7.6’)]. This completes the proof of 


Remarks 3.2 


i) Even for A = 0 and A = W 1 Theorem [FT] is slightly different from |T^. 
Proposition 3.2] as can be inferred from (p.ll|) . For A = 0 and A C W 1 with 
hnite Lebesgue measure Theorem |3.1| is contained in (ll|. Theorem 3.17]. 

ii) As we will see in the next section, the set )l°°(A) contains only 

continuous functions if A G 7ii oc (R d ), V G /C±(M d ) and t > 0. Therefore, the 
semigroup { e - tH R A ’ v ) ■ L°°(A) —>L°°(A )} (>0 is not strongly continuous for all 
pairs (A , V) G H\ oc (R d ) x IC±(R d ), see also [[TU], Remark 3.4], However, for A = R d , 
consider the closed subspace ^(M^) of L°°(M' i ) consisting of continuous functions 
vanishing at infinity. A slight modification of the proof of ( |4.6| ) below shows that 
the semigroup maps ^(M^) into itself. Moreover, with somewhat more effort it 
can be shown that this restriction yields a strongly continuous semigroup, confer 

H], Theorem 3.17]. 


4 Continuity of the image functions of the 
semigroup 

In this section we prove that the operator e~ tH Y A I ) i§ smoothing in the sense that it 
maps L P (A) into the set C( A) of complex-valued continuous functions on A. 

For the reader’s convenience we recall that a family T of functions / : A —> C is called 

equicontinuous, if 

lim sup \f(x) — f(x') \ — 0 
x '^ x feT 


(4.1) 
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for all x £ A and it is called uniformly equicontinuous, if 

lim sup sup | f(x) — f(x')\ = 0, 

r J-0 x,x'£A, \x— x’\<r f&F 


(4.2) 


see, for example, |5T|, Section 1.6]. 

Theorem 4.1 

Let A £ Hi oc (R d ), V £ IC±(R d ) and ACl d open. Then 

e -tH A (A,V) L P( A ) g L 9( A ) n C( A ), t > 0, 1 < p < q < 00, 

and for fixed t > 0, 1 < p < oo the family 


(4.3) 


(4.4) 


of functions on A is equicontinuous. Furthermore, the right-hand side of 3J\ ) gives 
the continuous representative of 


Finally, 


in(e tH ^ A,v ^'ili){x), x £ A. 


lim {e~ tH ^ Ay) fi){x) = 0 

|a?|—>oo 


(4.5) 


(4,6) 


for all if £ L P (A) with finite 1 < p < oo and all t > 0. 


Proof: 


Using the boundedness (|2.40|) and the semigroup property (|2.37|) with q — r — oo it is 
sufficient to prove that (|4.4|) is an equicontinuous family for p — oo in order to get both 


(|4.3| ) and the equicontinuity for all 1 < p < oo. Since this holds in the free case A = 0, 
V = 0 and A = R d , one has due to (|2.40|) that 


{ e -rH md {0,0) e -(t-r)H A (A,V) ^ ^ £ L °°(A), ||^||oo < l} 

is an equicontinuous family for all 0 < r < t. Therefore, it is enough to show 

lim ess sup sup | (D t T if) (x) \ — 0 

r -l° X&K ||V>||oo<l 


(4.7) 


(4.8) 


for all compact K C A. To this end, we represent the image of if by the operator difference 


(|3.5| ) as 


(D tiT if) (x) = E x [e ST(A ’ y|,i;) - St(A ’ y|,i,) 


x (“ A ,i_ T (iy(r + •)) - e St(A ' v \ w) E A}t (w)) if(w{t))] 


(4.9) 


where we have used the Feynman-Kac-Ito formula (|2.34| ), the additivity of the integrals 
in the action (|2.33| ) and the Markov property of the Brownian motion w. We use the 
right-hand side of (|4.9|) to give meaning to (D t , T if) {x) for all x £ R d . Then, in order to 
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show that the right-hand side of ( |2.34j ) defines the continuous representative of (|4.5|) , it 
is sufficient to establish 


lim sup sup \(D t T ijj) (x)\ = 0 (4-10) 

T f0 x£K ||</>||oo<i 


for all compact K C A. 

The triangle inequality in combination with 


S T (0, V\w) - S t { 0, V\w) < -S t (0 , -V~\w) (4.11) 


yields 


|(A,r^) (x)| <E x [e- 5 *(°>-^H 

x |S A , t _ T (w(r + •)) _ e -^^ v WH Ait (w)| |^(w(t))|]. 

By |-0(w(t))| < Halloo and the Cauchy-Schwarz inequality one arrives at 


(4.12) 


|(A,rV0 (x)\ 2 < (Halloo) 2 E a 


3 -St( 0 - 2 VH 


x ^E a .[S A)t _ T (n;(r + •)) -H A , t («;)] 


E,, 


|l _ e -Sr(A,VH| 


(4.13) 


Since 


E x [S Ajt _ T (it;(r + •)) - Z A:t (w) ] = E x [E^ t _ T {w(r + •)) (1 - 5 AjT (k;))] 

< E x [l - S AiT (w)] , 


(4.14) 


(|4.1C| ) follows from (|3.11|) and Lemmas |C.2| , |C.5| . This completes the proof of ( |4.3|) and 
the equicontinuity and identihes the continuous representative. 

Finally, for the proof of ( |4.6| ) we may assume without loss of generality 1 < p < oo 
due to (|2.40|) and the semigroup property. Then ( |4.6|) follows from Holder’s inequality 


| ( e -iif A (A,V)^) ( x ) | < 


,-tH Rd (0,p'V) 


Up' 


i tHmd (0,0) 


Wf)( 


i Ip 

x) | (4.15) 


where p 1 := pj(p — 1) < oo. 


Remarks 4.2 


i) The assertion ( |Q|) reduces for A = 0, V G JC±(R d ) and A = R d to |58| . 
Corollary B.3.2], A related result, also for A = 0 and A = R d , is |T0| . 


Propositions 3.1, 3.3]. Our proof is patterned after that of [h], Lemma 3.2] or 


[ITT] , Propositions 3.11, 3.12] and, in contrast to the strategy in |58|, does not use 
Propositions fO and p~G[ 
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ii ) For V = 0, V ■ A = 0 and A 2 £ JCi oc (R d ) |59], Theorem 3.1] asserts that 

e -tH sd (A, 0 ) n L 2c L°°(M d ) n C(M d ), t > 0. (4.16) 

The proof given there, however, applies for all A 2 £ IC(R d ) but not for all 
A 2 £ /Ci oc (M d ), because it can happen that 


sup E^ 

x£K |_Jo 


(A(w(s))) 2 ds 


= oo 


(4.17) 


although A 2 £ K.\ oc (R d ) and K C R d compact. Consider the example 


Afx) = (x 2 , -xi) e 


hi 4 


(4.18) 


of a vector potential on 


Since H\(A, V ) is equipped with Dirichlet boundary conditions on <9A one would expect 
that 


lim (e tHA ( A,v ^ip)(x) = 0, y £ <9A, 

x^y 

for a sufficiently nice boundary of A. 


(4.19) 


Theorem 4.3 


Let A £ 7 -Lio C {R d ), V £ K,±(R d ) and A C 
"0 £ L P (A), 1 < p < oo and t > 0. Furthermore, 
functions on A for all 1 < p < oo, t > 0. 


regular. Then ( fj.li | ) holds for all 
is an equicontinuous family of 


Proof: 


The semigroup property (|2.87| ) and Q2.40| ) ensure that it is sufficient to check the case 
p = oo. The triangle inequality, the Cauchy-Schwarz inequality and (|2.34|) imply 


\(e~ tH ^ Ay) fj)(x)\ < 


-tH Rd ( 0.2 V) 


1/2 


E 


'x[ 


)]) 


1/2 


(4.20) 


Now the assertions follow from Theorem |4. If (|2.40|) and 


for almost all x £ M' 

Lemma |C.7| . ■ 

Not surprisingly, uniform continuity of the image functions can be achieved for 
sufficiently regular A C R d by imposing global regularity conditions for the potentials, 
thereby, however, possibly excluding physically relevant cases, confer Remark [2.5.i)|. 


Theorem 4.4 


Let A £ Tt(W d ), V £ JC(J8L d ) and ACM 0 ' uniformly regular. Then hf-A) Is a uniformly 
equicontinuous family of functions on A for all 1 < p < oo and t > 0. 
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Proof: 


Analogously to the reasoning at the beginning of the proof of Theorem it suffices to 
check 


limesssup sup | (x)\ — 0 (4-21) 

T t° X£A r !|V’||oo<l 


in order to get uniform equicontinuity on A r , r > 0. This follows with the help of (|4.13|) 
and ( 4.14 ) from ( 13.11 ), Lemma 
( |4.20| ) we conclude 


and Lemma |C.3|. Using Lemma C.7 and the estimate 


limesssup sup I ( e -^ A( 4LA ( x ) I = o, ( 4 . 22 ) 

r t° ieA\A r ||y||oo<i 


which is sufficient to extend the domain of uniform equicontinuity from A r for r > 0 to 
A. ■ 


Remark 4.5 


Proposition 3.1 in pi is a special case of Theorem PO and (|4.6|). 


5 Continuity of the semigroup in the potentials 

As a motivation for this section consider the simple example 

A h (x) := (0,xih) , h > 0 , (5.1) 

of a vector potential on M 2 . Clearly, Ah belongs to 7-fi oc (IP 2 ) and gives rise to a constant 
magnetic field of strength h. The related semigroup 

{ e -tH R 2(A h , 0) . L 2( R 2) L 2(m 2 )} <>0 , (5.2) 

considered as a function of h, is not norm-continuous because 

limsup II _ e -tH R2 ( o,o) II > 0 ( 5 . 3 ) 

hlO 

for all t > 0. This can be deduced, for example, from || Theorem 6.3]. It reflects the 
fact that the character of the energy spectrum of an electrically charged point-mass in 
the Euclidean plane changes from purely continuous to pure point, when an arbitrarily 
low constant magnetic field, perpendicular to the plane, is turned on. 

The following theorem, however, shows that under suitable technical assumptions the 
weaker notion of local-norm-continuity holds. 


Theorem 5.1 

Let A G Hi oc (R d ), {A m } meN c Hi oc (R d ), V G JC ± (R d ) and {K} neN C IC ± (R d ) such 
that for all compact K C R d 


lim (A - 

ra— kx) 11 

lim || (V • A 

m—xx) 11 


A r , 


X 


K ll/C(R d ) 


V • A m ) x 


K 


0 . 


0 


(5.4) 

(5.5) 
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and 


lim \\{V-V n ) X 


K 


= 0 , 


lim sup sup / g e [x - y ) V n (y) d y = 0. 
e!° neN xeR 1 * J 


Moreover, let ACl d open. Then 


lim sup II Xw (e~ tH ^ Ay) - e ~ tH R A ™yn)\ II = g 

m,n—>oo Tj <t<T 2 " A V ’ " P ’ q 


and 


(5.6) 

(5.7) 


(5.8) 


lim sup 

T7l,Tl—>00 T1 <_t<T2 


( e -tH A (A,V) 


) X-K 



0 


(5.9) 


for all compact K C M, d , 0 < T\ < T 2 < oo and 1 < p < q < oo. Furthermore, for 
p = q one may allow T\ = 0. 


Proof: 


According to the Riesz-Thorin interpolation theorem |50], Theorem IX. 17] it is enough to 
prove the theorem for the three cases p = q = l, p = q = oo and p — 1, q — oo. Moreover, 
due to the self-adjointness of the semigroup, the assertions (|5.8|) and (|5.9|) are equivalent 

/ \ — l / \ -l 


under the combined substitutions p i—> ^1 — , q i—»• ^1 — .In consequence, it 

remains to show the following three partial assertions: 


1) ( |5.8| ) for p = q = oo, T\ = 0 

2) ( [5.9| ) for p — q — oo, T\ — 0 

3) @ for p — 1, q — oo, T\ > 0. 

We note that (|5.8| ) and (|5.9|) in the case p = q, T\ = 0 follow already from the assertions 

1 ) and 2). 


As to assertion 1) 


Since the Feynman-Kac-Ito formula (|2.34|) and the triangle inequality give 


X 


K 


(' 


>-tH A (A,V) _ p -tH A {A m ,Vn 


>) 


I 00,00 


< sup E x [ | e - 5 *( A >V|l0) _ Q—St(Am,Vn\w) | j ? 


x£LK 


(5.10) 


the assertion follows from Lemma L’.f . 
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As to assertion 2) 

Let B r be the open ball of radius R > 0 centered about the origin in see ( |2.1|) . Then 
the diamagnetic inequality (|2.38|) in combination with ( |2.39|) and the triangle inequality 
yields 


e -tH A (A,v) _ e -tH A (A m ,v n )^ ^ 


K I1oo,oo 


< 


*b r l e 


-tH A (A,V) _ e -tH A (A m ,V n )^ 


(5.11) 


(i - X Br ) e tH * di0 ’ V) X K 


+ 


1 - X Rr ) e tH m^°yo x 


K 


Hence assertion 2 follows from assertion 1 provided that 


lim sup sup 

R^oo 0<t<T2 neN 


e x K 


= 0 . 


(5.12) 


To prove (|5.12|) we use the Cauchy-Schwarz inequality in the Feynman-Kac-Ito formula 
to obtain 


i 1 x b r ) 




< 


X K 

1 - x Bp ) e-^ d(0 ’ 0) x 


= sup E x [e St{0,Vnlw) X K (vj(t))] 

00,00 x£B r 

1/2 . (5.13) 


K 


00,00 


e ~ tH m d (0>2 Vn) 


\ 1/2 
V 


By Lemma |C. 1| the second factor on the right-hand side is uniformly bounded with respect 
to n G N and 0 < t < 72 . The first factor is seen to vanish uniformly in 0 < t < T 2 as 
R —> oo by an elementary calculation. 


As to assertion 3) 

In a first step we get with the help of the triangle inequality 

II x k ( e ~ 2tHA{Ay) - e - 2tH YAm,v n )^ ||^ < Ni + n 2 + 7V 3 , 

where 

N II Y ^ ( e -tH A (A,V) _ e -tH A (A m ,V n )\ e -tH A (A,V) || 

1 II A.K V /II l,oo 5 

^ Br 1,oo 

X K e~ tHA{Am ’ Vn) (l - x B ) [e~ tHAiAy) - e~ tIiA OmYO j 


N» := 


1,00 


In a second step we will repeatedly use the inequality 


xy || p>r < || A' ||,, || y || p . 


(5.14) 

(5.15) 

(5.16) 

(5.17) 

(5.18) 


for bounded operators Y : L p (M d ) —> L 9 (M d ) and X : L 9 (R d ) —> L r (M d ). By ( [5.18p and 
(|2.40|) we get 


<- || X ^Q — tB A (A,V) Q — tH A (Am,Vn)^ 


3 - tH m d(0,V) 


I 1,00 


(5.19) 
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By employing additionally the self-adjointness of the semigroup we obtain 


N 2 < || e ~ tH Rdio,v n ) 


I 1,00 


^ e -tH A (A,V) _ e -tH A (Am,V„)>) x ^ 


(5.20) 


and similarly 


N 3 < 


Xi<e tH ud (0,V n ) 


X 


e -tH Rd (oy) || , || e -tH Rd (o,v n ) || 

I I 1,00 II II 1,00 


(5.21) 


Hence assertion 3 follows from assertions 1 and 2 together with Lemma |C.1| and an 


asymptotic relation analogous to (|5.12|) . 


Remarks 5.2 


i) According to ([2.29|) the analytic condition (|5.71 ) is equivalent to the probabilistic 
condition 


lim sup sup E x 

*■1° neN a;eR d 


K (w(s))ds 


0 . 


(5.22) 


it) Theorem [TI] is a generalization of [58L Theorem B. 10.2] both to non-zero magnetic 
fields and A C R d . Even for A = A m = 0 and A = R d the result is slightly stronger 
than that of |55|, Theorem B.10.2], Nevertheless, we followed a similar strategy 
for the proof. 


Hi) Propositions [O] and imply that for given A £ H\ oc (R d ) and V £ /C-t(M d ) one 
can find sequences {A m } meN C (C™(R d )) d and {K} neN C C“(M d ) obeying the 
hypotheses of Theorem [5.1|. 


Since the notion of local-norm-continuity occurring in Theorem |5.1| seems to us less 
common, it may be worth noting that it implies strong continuity of the semigroup in the 
potentials under the additional condition p < oo. 


Corollary 5.3 


Let A £ Hi oc (R d ), {A m } meN c Hi oc (R d ), V £ /C±(M d ) and {K} neN C /C d 
( j5.^| ) - t \5.1[ ) for all compact K C R d . Moreover, let A C R d open. Then 


d ) obey 


lim sup II ( e -tH A (A,v) _ e -tH A {A m ,v n )\ ^ \\ =0 (5.23) 

m,n—>c» T1 <t<T2 q 


for all 0 < Ti < r 2 < oo, if £ L P (A), 1 < p < oo being finite, and 1 < p < q < oo. 
Furthermore, for p = q < oo one may allow T\ — 0. 
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Proof: 

We repeatedly use the triangle inequality to achieve the estimate 

3 - tH A (A,V) _ 0 -tH A (Am,V n 


U~tH A (A,V) _ e -tH A {A m y n )\ ^ 


< 


e -tH A (A,V) _ e -tH A (A m ,V n )) ^ 

-tH Kd {0,V)\ 


(5.24) 


+ e * dK 


II 0 (0,V^) I 

p,q' II llp,< 


,,) | (* - * 


valid for any R > 0. The right-hand side of the estimate is uniformly bounded in 
n, m G N, T\ < t < T 2 , due to (|2.4(J|) and Lemma |( '. 4 respectively. The proof is therefore 


accomplished with the help of Theorem 5.1 and the fact that 


lim 

R —>oc 


1 - x Bn )*!> 


= 0 , 


(5.25) 


whenever if G L P (A), 1 < p < oo. 


Remark 5.4 

For p = 2 Corollary 
Remark |2.2.A)| . 


is a special case of |42|, Theorem 2.8] as can be seen from 


If one defers norm-continuity in the potentials instead of local-norm-continuity, one 
has to make stronger assumptions as indicated in the beginning of this section. 


Theorem 5.5 

Let {A m } mgN C 7-f(M d ) and {14} neN C IC(R d ) such that 


lim II ( A m ) 2 

m->oo 

lim || V • A r 


Uc(s. d ) 


= 0 , 
= 0 


(5.26) 

(5.27) 


and 


lim || V n 11 A^(M d ) — 0- 


(5.28) 


Moreover, let A G Hi 0C (R d ), V G JC±(R d ) and ACl d open. Then 


lim sup || (e ' — e 

m,n^oo Tl < t < T2 


—tH A (A,V) _ -tH A (A+A m ,V+V n ) 


) ll M = 0 (5.29) 


for all 0 < Ti < 72 < oo and 1 < p < q < oo. Furthermore, for p = q one may allow 
T 1 = 0 . 
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Proof: 


According to the Riesz-Thorin interpolation theorem [|5(], Theorem IX. 17] and the self¬ 
adjointness of the semigroup it is enough to prove ( |5.29|) for the two cases p = q = oo, 
Ti = 0 and p — 1, q — oo, T\ > 0. 

Since the Feynman-Kac-Ito formula fl2.34|) , the triangle inequality and the Cauchy- 
Schwarz inequality give 


e -tH A (A,V ) _ e -tH A (A+A m ,V+V„) 


I 00,00 


< 


*-tH Rd ( 0,2V) 


\ 1/2 


D,00 J 


sup E x 

rGR d 


^-S t (A m ,V n \w)\ 2 


1/2 


(5.30) 


the case p = q = oo, = 0 follows from ( |2.40| ) and Lemma |C.4 . 


By reasoning in a similar way to the proof of assertion 3 in the proof of Theorem |5T 
we get the estimate 


< 


? -2 tH A {A,V) _ e -2 tH A (A+A m ,V+V n ) 
s - tH A (A,V) _ -tH A (A+A m ,V+V n ) II 


I 1,00 


I 00,00 


(5.31) 


X ( II II _J_ || Q—tH^d(Qy+Vn) || ^ 

VII II 1,00 II II 1,00 J 


The second factor on the right-hand side of ( |5.31| ) is uniformly bounded with respect to 
n € N and T\ < t < r 2 due to (|2.40|) and Lemma f. 1| . the latter being applicable because 
{I4} reeN C /C(M d ) and (|5.28|) together with the definition ( |2.10|) imply (|5.7|) . Thus the 
case p — 1, q — oo, T\ > 0 follows with the help of the preceding case. ■ 


Remarks 5.6 


i) Theorem |5.5| is a generalization of [pq . Theorem B.10.1]. 

ii) In analogy to Remark |5.2.mj| one can find for given A G 7-fi oc (M rf ) and V e /C±(M d ) 
sequences {A + A m } meN C (C°°(M d )) c/ and {V + K} neN C C°°(lR d ) obeying the 


hypotheses of Theorem |5.5| . In contrast to Remark |5.2. iii)\ it is in general wrong to 
replace here the set C°°(lR d ) of arbitrarily often differentiable functions by 


since the Kato-norm closure of C£°( 


*) is a proper subspace of JC(R d ), see 


Proposition 5.5]. 


6 Continuity of the integral kernel of the semigroup 


From the Dunford-Pettis theorem Theorem 46.1], |T3], Corollary 2.14] it follows with 
the help of (|2.40|) that the operator e~ tH RA v ) : L P (A) —► L 9 (A), t>0 ,l<p<g<oo, 
A G 'H\ oc (R d ), V G /C±(M d ), ACI d open, has an integral kernel k t : A x A —> C in the 
sense that 


(e tHA(Ay) ip) (x) = f k t (x,y)^(y)dy 
J A 


( 6 . 1 ) 
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for all e L P (A) and almost all x € A. Furthermore, the integral kernel is bounded 
according to 


esssup \k t (x,y)\ = || e tH ^ A ,v) || (6.2) 

x,yeA 


The existence of an integral kernel can also be inferred from the Feynman-Kac-Ito formula 
( 2.34 ) by conditioning the Brownian motion to arrive at y at time t. The resulting 
representation 


k t (x,y) = (27rt) d ' 2 e (I s ‘ IA ' /| ” ) H A ,i(n')| ^(i) = »] 


(6,3) 


holds for almost all pairs (x,y) E Ax A and all t > 0. The purpose of this section is to 
show that there is a representative of the integral kernel, which is jointly continuous in 
( t,x,y ), t > 0, x, y G A. Moreover, this representative is given in terms of an expectation 
with respect to the Brownian bridge. 

To begin with, we collect some preparatory material concerning the Brownian bridge. 
We define a continuous version b of the Brownian bridge from x = 6(0) to y = b(t) in 
terms of standard Brownian motion w starting from x = w(0) by 


6(s) 


{ 7 y + w(s ) - (t-s) 

. 



w(u ) 

(t — u ) 2 


d u 


0 < s < t 

for 

s = t 


(6.4) 


See |36], Section 5.6.B] or |52], Exercise IX.2.12]. We note that 6 is adapted to the standard 
filtration |36], Definition 1.2.25] generated by w and is a continuous semi-martingale |49| . 
Example V.6.3]. The probability measure Fq V x associated with the Brownian bridge is the 
image of the Wiener measure by the mapping w e -> b as given by ( |6 . 4|) . The induced 
expectation is written as Eq’x- 

For any stochastic process s i—> Z(s), 0 < s < t, adapted to the standard filtration 
generated by w with E x [ |Z(s)| ] < oo one has the relation |46], Lemma 3.1] 


Eg[Z(s)] = 


t — s 


d/2 




Z(s) 


^-(w(s)-y) 2 /2(t-s) 


(6.5) 


for all 0 < s < t and all x, y G M, d . This is a consequence of the Cameron-Martin- 
Girsanov theorem [^, Theorem 3.5.1], since the Brownian bridge is obtained from 
Brownian motion by adding a non-stationary drift, see O- We note that one may 
alternatively use the right-hand side of ( |6.5| ) to construct the Brownian-bridge measure, 
see |>| Proposition A.l], 

For a vector potential A obeying 

F o,l| (A(6 (s))) 2 ds < ooj = 1 (6.6) 


and 


ms)) 


y - 6(g) 

t — s 


ds 


< oo 


1 




(6.7) 
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the stochastic line integral with respect to the Brownian bridge 


s i—* f A(b(u)) ■ db(u) : = [ A(b(u)) ■ dw(u) + [ A(b(u)) ■ ——^—^-du (6.8) 

Jo Jo Jo t ~ u 

is a well-defined stochastic process for 0 < s < t having a continuous version, confer |^, 
Dehnition IV.2.9]. According to Lemma |C.8| , our usual assumption A G 7-^i oc (K.^) suffices 
to ensure the conditions ( |6.6| ) and (|6.7|). 

Now we are able to state the main result of this section: 


Theorem 6.1 

Let A G Hi oc (R d ), V G /C±(M d ), 1 < p < q < oo and, A C 
definitions \2. 35 \ ) and ( | 2. 33j ) of S t andE A jt . Then 


k t (x,y) := (2vr t)~ d/2 e~^ 2 / 2t E^[e~ s ^ v ^ E A , t (6)] 

defines pointwise that integral kernel for 

e -tH A (A,v) . L ? (A) 

which is jointly continuous in ( t, x,y), t > 0, x, y G A. 


d open. Recall the 
(6.9) 


( 6 . 10 ) 


Proof: 

Since the Brownian-bridge expectation in (|6.9|) yields a regular version of the conditional 
expectation in (|6.3|) , kt as dehned by (|6.9|) is an integral kernel for ( |6.10l) . Moreover, 
recalling our preparations, the kernel k t is well dehned for all t > 0, x, y G A. It remains 
to show the claimed continuity of the function k dehned by (|6.9| ). 

Employing the time-reversal symmetry of the Brownian bridge we get from ( |6.9| ) the 
Hermiticity of the integral kernel, that is, k t (x,y ) turns into its complex conjugate upon 
interchanging x and y. Therefore, it is sufficient to ensure 

lim sup sup sup \k t (x, y) — k t '(x, y')\ — 0 (6-11) 

NO n<t<t'<T2,\t—t'\<Q y,y'&K,\y—y'\<Q xGK 

for all compact K C A and all 0 < T\ < T 2 < oo. Note that we have assumed t < t'. 

For any 0 < s < T\ we can rewrite the difference in (|6.11|) according to 


k t fx,y) - k t >(x, y') = T (t',t' -t + s,x,y') - T (t,s,x,y) + T(t,t',s,x,y,y'), 

where we have introduced the abbreviations 

T {t,s,x,y) := {2irt)~ d/2 e - ( ^ )2/2f 

x EJJ [e-*^ 5^(6) - e"*-'^) S A ,^(6) ] 

and 

r(f, i', x, y , a') := (2 7Ttr d ' 2 e‘;J' [ s Ait _(6) ] 

- (2jtW ,/ 2 e -(*-») 2 /2< e*'» [ e - s, - (/1 '' , l‘ ) S Ajt _,(6)] . 


( 6 . 12 ) 


(6.13) 


(6.14) 
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Therefore, it is enough to show 


and 


lim sup sup |Y(£, s, x, y)\ — 0 
40 

Ti<t<T2 x,y€iK 


lim sup sup sup |T(f, t', s, x, y, y')\ = 0 

40 Ti<t<t'<T2,\t—t’\<Q y,y'eM. d ,\y—y'\<e 


(6.15) 


(6.16) 


for all compact K C A and all 0 < s < T\ < 72 < oo. The assertion (|6.16| ) is actually 
stronger than needed for the present purpose, but will turn out to be useful in the sequel. 
From the triangle inequality we get 

T (t,s,x,y) < (27 Tt)~ d ^ 2 e~U-y') 2 l 2t 

x (eJ£[ |e-^(AVK»)_e-5t-a(A,y| b )|] 


(6.17) 


+ E& [e-a-MW | S A ,,(&) - E A ,,_„(&) | ]). 


Now we make use of the Cauchy-Schwarz inequality, the elementary estimate 

S t -s(0,2V\b)>S t (0,-2V-\b) 

and the time-reversal symmetry of the Brownian bridge. We thus achieve 
T (t,s,x,y) < N I/2 (27 xty m 


(6.18) 


X 


E; 


t,x 

'0 \y 


,-S s (AV|fe)| 2 ' 


1/2 


+ (!$*[!-S Ai ,(6)]) 


1/2 


< N 1/2 (2vr(£ - s))~ d/4 


(6.19) 


x 


E„ 




1/2 


+ fet 1 




)]) 


1/2 


ffere we have used (|6.5|) for the second step and have set 


N := sup sup (2 t Tt)~ d/2 e~G-y?Ut E g 

n<t<T2 x,y£R d 


^-S t { 0 ,- 2 V~\b) 


( 6 . 20 ) 


Employing the Cauchy-Schwarz inequality, the time-reversal symmetry and (6.5) again, 
we get 


N < ( 7 TTi) d SUp E a 


e -S Ta/2 (0,-4V-|t O ) 


( 6 . 21 ) 


which shows by virtue of Lemma |C.2| that N is finite. Note that it is essential to take the 
supremum in (|6.20| ) and not only the essential supremum as, for example, in ( |6.2|) . ffaving 
shown that N is finite, (|6.15|) follows from (|6.19|) with the help of ( p.ll| ) and Lemma P.5| . 

The remaining task is to prove (|6.16| ). In a first step we use ( |6.5| ) to rewrite T as 
given by (|6.14|) in terms of an expectation with respect to Brownian motion. Then the 
Cauchy-Schwarz inequality and (|S.18D lead to 


T(t,t',s,x,y, y') | 2 < (27r) d M E. 


^ (f 1 — f _|_ s )~ d ^ 2 e -( w ( t - s )- J / , ) 2 / 2 (* , - t + s ) 


s ~ d / 2 Q-{w(t-s)-y) 2 /2s 


( 6 . 22 ) 
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where 


M := sup 

xGR * 1 * 


3 -s T2 (o,- 2 y-|«,) 


(6.23) 


is finite due to Lemma C.2 . The expectation on the right-hand side of (|6.22 ) can be 
calculated explicitly. The result implies 


|T (t,t',s,x,y,y') | 2 

< (2 n)~ d M (V 2 -(t-s) 2 ) 


exp 


l \2 


~ d / 2 f (x — y') 


+ s~ d/2 (2t - s)~ d/2 exp 
-2 (tt' - (t - s) 2 )~ d/2 
x exp 


t' + t — s 
(x - y) 2 


2 1 — s 


(6.24) 


s{x - y') 2 + (t — s)(y — y') 2 + (tf - t + s)(x - y) 


2 {tt' — (t — s) 2 ) 


Now we use the three elementary inequalities 


< 


1 1 

> 


< 


t' 2 — (t — s ) 2 s(2t — s) ’ 2 1 — s t' + t — s ’ tt' — (t — s) 2 s{t' + t — s) 

valid for all 0 < s < t < t' < 00 , and get 

I r (t,t',s,x,y,y') \ 2 


, (6.25) 


< 2(2n)~ d M s~ d/2 (2 1 - s)~ d/2 


exp< — 


x 


cosh 


(:v - y') ■ (y + y 1 - 2x) 


- 1 + 


2 (t + t' -s) 
t(t' — t ) 


s(2t — s ) 


—d/2 


exp 


1 (x — y') 2 + (x — yY 

2 t' + t — s 


(t ~s)(y~ y'Y + ( t' -t)(x- yY 
2 s(t + t' — s) 


(6.26) 


In a final step we further estimate the right-hand side with the help of the elementary 
inequalities 


cosh(a) < -a 2 cosh(a) + 1, a G M, 

(1 + b)~ d ^ 2 > 1 — —b, b > 0, e -c > 1 — c, c G M, 


(6.27) 


the first one of which may readily be derived from the Taylor expansion ||T], Equation 4.5.63] 
of the hyperbolic cosine. The assertion ( |6.16| ) then follows from the resulting bound by 
inspection. ■ 


Remarks 6.2 

i) Theorem |6.1| generalizes ||58| Theorem B.7.1.(a w )] to non-zero A G 7ii oc (R d ) 
and A C M. d . The proof given there relics on the local-norm-continuity of 
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the semigroup in the scalar potential and the approximability Proposition 
(see [Q Theorem B.10.2], but beware of a circularity in the proofs of |58| . 
Proposition B.6.7, Theorem B.7.1.(a'), Lemma B.7.4]). By using Theorem |5T 
local-norm-continuity covers also the case d / 0. 

Results similar to Theorem [Tl] for A = 0 and A C M d are contained in 
Theorem 3.17] and [^4[ Proposition 1.3.5]. 


11 


Like the last reference our approach has the advantage of singling out the 
continuous representative of the integral kernel as a Brownian-bridge expectation, 
which is useful to know for further investigations and applications. 


The rather general Theorem 14.5 in [56] does not cover the above Theorem 6.1 


A discriminating example corresponds to the hydrogen atom: A = M , A = 0, 
V(x ) = — |:r| -1 . In the notation of ]56| this means: v = 3, / = 0, F(a) = e*° 
, g(u) = expj/J |w(s)|” 1 ds| for t > 0. Theorem 14.5 in [pB| is not 


for a G 

applicable, because the Wiener-essential supremum 


of g is infinite. 


ii) The continuity of the integral kernel of the semigroup implies the continuity of 
the integral kernels for various functions of the Schrodinger operator H\(A,V). 
This can be shown along the same lines of reasoning as in the proof of |58| , 
Theorem B.7.1], since the arguments given there do not use the fact that H R d( 0, V ) 
is a particular Schrodinger operator, but merely the continuity of k t (x, y) and the 
bound (|2.40|). For example, each spectral projection 


Xq(Ha(A,V)) : L 2 (A) —> L 2 (A) (6.28) 


associated with a bounded Borel subset hi C M is an integral operator with jointly 
continuous kernel. 

in) Since k t (x, y ) is jointly continuous in (x, y) for t > 0, the trace of the non-negative 
operator e ~ tH A{AV) . L 2 (A) —> L 2 (A) can be represented as 


tre tH Y A N) — f k t (x,x)dx, (6.29) 

J A 

whenever one of the two sides of this equation is finite. 

iv) Due to the continuity of the integral kernel, the diamagnetic inequality (|2.38|) 
takes the form 


\k t (x,y)\ < kt(x,y)\ A=0 


(6.30) 


and is valid pointwise for all x, y G A, t > 0. Various upper bounds on the 
right-hand side of ( |6.30| ) are available in the literature, see, for example, the 
estimate 0, Theorem B.7.1.(a')]. Using this estimate, Theorem |4.1| can be 
proven alternatively with the help of the continuity of the integral kernel and the 


dominated-convergence theorem. We have given a different proof of Theorem 4.1 


mainly because we think it is nice to see how Carmona’s elegant argument for 
A = 0 can be extended to A ^ 0. 
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Theorem 6.3 

Let A G Hi oc (R d ), V G IC±(R d ) and, A C R d regular. Then kfix, y ), as defined by \6.fj) , 
is jointly continuous in (t, x, y), t > 0, x, y G A and vanishes if x G <9 A or y G dA. 


Proof: 


From ( |6.9| ) we derive with the help of the Cauchy-Schwarz inequality and 5 a ,t(b) < 
5) the estimate 


1*441 < (2irt)~ d/a N ^ e -(‘-v)V‘t ( E ‘« [S A , t/2 (6) ]) 1/2 , 
where 0 < N < oo is given by ( |6.20| ). With the help of (|6 . -5| ) we achieve 

\k t (x,y)\ < (v rty d/i N 1/2 (E x [5 A)t/2 (fe)]) 1/2 . 


(6.31) 


(6.32) 


According to Lemma |C . 7] the right-hand side vanishes as x approaches any given point on 
the boundary dA. Due to the Hermiticity of k t and Theorem 1(0 the assertion follows. H 


Remark 6.4 


Theorem |6.3| is a partial generalization of 0, Theorem 3.17] to A 0. 


We finally want to show that the same strategy as used in Section fj] allows to get uniform 
continuity for global regularity conditions. 


Theorem 6.5 

Let A G 7L(R d ), V G /C(R d ), 0 < T\ < r 2 < oo and ACR d uniformly regular. Then 
the function 


[ti, r 2 ] x A x A -» C, (' t , x, y ) kfix, y) (6.33) 

is uniformly continuous. 

Proof: 

Analogously to the reasoning at the beginning of the proof of Theorem E3 it is sufficient 
to ensure 


lim sup sup sup \k t (x, y) — k t >(x, y')\ — 0 (6.34) 

5(0 Ti<t<t'<T2,\t—t'\<g y,y'£h-r,\y—y'\<8 

in order to get uniform continuity on [ti, t 2 ] x A r x A r , r > 0, where A r is given by (p,12|) . 
Due to CT ) and (|6.16|) we only have to check that 


lim sup sup |T(f, s, x, y)\ — 0, 

40 ri<t<T2 x,y(L A r 


(6.35) 


where T is given by (|6.13|) . With the help of the estimate ( |6.19| ) this follows from 
Lemma |C-.3| and ( |3.11|) . 
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On the other hand, Lemma |C.71 and ( |6.32|) imply 


lim sup sup sup \kt(x, y)\ — 0, 

r t° T\ <t<T2 xeA r y£A\Ar 


(6.36) 


which suffices to extend the domain of uniform continuity from [ 71 , 72 ] x A r x A r , r > 0, 
to [ri, T 2 ] x A x A. ■ 


Appendix A Approximability of Kato-type 

potentials by smooth functions 

We want to prove Propositions |273| and |2.6| . The idea of the proof has been given already 
in Section [|. It is similar to the one underlying the standard proof of the fact that C£° (R d ) 
is dense in L p (R d ) for 1 < p < 00 . 

To begin with, we choose <5i G C™(R d ) such that 8\ > 0, 5i(x) = 0 for |x| > 1 and 
||5i||i = 1. Moreover, we set 5 r (x) := r~ d 5i(x/r ) for 0 < r < 1 and Or := 8\ * \ B f° r 
R > 1, where 


(h*F)(x) := J h{x-y) F(y)dy (A.l) 

denotes the convolution of a function F : R d —> R", v G N, with a function /x : ^ R. 

We note that Or G C£°(R d ) and 


X B R - 1 - - X B n +i ' 


Now we are ready to formulate the following preparatory result. 


Lemma A.l 

Let F : R d 


R", \F\ P G /C; oc (R d ), 1 < p < 00 . Then 

5 r *0 R Fe(C™(R d )Y, 
II g e * |^r * OrF 


-IPN < 

loo — 


\ P 


(A.2) 


(A.3) 

(A.4) 


and 


iim|||e R F-^*e R cni K(B4) = o (A.5) 

for allO<r<l<R<oo and 0 < g < 1. 


Proof: 

( pop holds, since OrF G (L x (R d )) v by ( CT) . 
From the Jensen inequality and ( |A.2| ) we have 


(A.6) 
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Furthermore, by the commutativity and the associativity of the convolution and the 
monotonicity of integration we get 


g e *S r * Xo \F\ P < ll^ll, g e * x~ I F 


R +1 


H+l ' 


(A.7) 


Now (|A.4|) follows from (|A.6| ), (|A.7|) and H||i = 1- 

Since ||/||/c(r^) = hi * l/IIU, we observe for / G /C(M d ) D L 1 (R d ) that 


ll/ll/c(M d ) < he * 


G 


oo Q \ \ J N 1 ’ 


where 


G e : = sup gi(x). 

Q<\x\<l 


(A.8) 


(A.9) 


On the other hand, the inequality |u — v\ p < 2 P (\u\ p + |r>| p ) for u,v G M" in combination 
with (|A-2|) and ( |A.6|) yields 


\e R F - S T » e H F|- < 2 P (x B , +I | F\* + s r » x B „ +1 1*7). 

With the help of ( |A.8| ), ( |A.1C| ) and (|A.4j) we establish 


(A.10) 


9 R F-S r *e R F | 


< 2 P+1 


9e*X Ro ,AF\ 


+ G e 1110^-^*0^11,. 


(A.ll) 


Since Q R F G (L p (M d ))^, the second term on the right-hand side tends to zero as r j 0, 
see, for example, [^6[ Lemma 1.3.6/2], Moreover, the remaining first term vanishes as 
g l 0 because X Br+1 \ F\ p G /C(M d ). This proves ( |A.5| ). ■ 

Proof of Proposition j2.3j : 

By the triangle inequality 

|P - * 0 R P| x A - < v (1 - 0^) x A + I QrV - 5r * QrV I (A.12) 

and the fact that 


(1 — 0^) x K =0 for R > 1 + SU P 1 


x (ElK 


(A. 13) 


the approximability (|2.15|) follows from (|A.3| ) and (|A.5|) . The inequality ( j2.16| ) follows 
from ( |A.4| ) for the choice p = 1 and F = V~. I 


Proof of Proposition |2.6): 


We start from the pair of elementary inequalities 

(A — S r * Q R Ay x K A 2 A 2 (1 — 0ft) x K + 2 (0ftA — S r * Q R A) 2 


(A.14) 
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|V-A- V-(5 r *0 R A)\ Xk 

< |V • A\ (1 - 0 R ) x k + \Sr * (A ■ V0 R )\ x k (A.15) 

+ |e,v-A-^(e s v-i)|. 


The second term on the right-hand side of ([A . 1 5| ) can be estimated further with the help 
of (|A.2|) according to 


+ *(A-V0+| <X k X B r+2 ( 


1 - X 


Bp_; 


(A r * |A|) sup |(V0 R )(V)| (A. 16) 


and, hence, vanishes for R > 2 + sup xeK |xj. In consequence, the approximability fl2.19|) , 
( |2.2(J|) follows from ( |A.3| ) with the help of ( |A.13| ) and ( |A.5| ). ■ 


Appendix B Proof of the Feynman-Kac-Ito formula 


The purpose of this appendix is to prove Proposition f?H| . The strategy of the proof has 
already been sketched in Section |2j. Here we only recall that we take Q2.34|) in the case 
A = R d , A G H\ oc (R d ) and V G JC±(R d ) for granted. 

Let {A)}; e N be a strictly increasing sequence of compact subsets of A that exhausts 
A. That is, each K t is contained in the interior of K i+i and IJ/pn A"/ = A. Furthermore 


let {"d+gN C Qj°(Br) be such that ili(x) = 1 for x G Ki, 
0 < $i(x) < 1 for all x G R d . Define : R d —> R by 


$i(x) = 0 for x Ki_ |_i, and 


|(Vd/)(a;)| 2 + (inf{|x: — y\ : y ^ A}) 3 for x G A 
U*(x) := <| U (B.l) 

+cx) otherwise 


and E/A 


for n G N by 


Un(x) := inf {U^(x),n}. 

The sesquilincar form h ^’/ U °° +V , A G Hi oc (R d ), V G L c 


(B.2) 


j°°(M d ), n> 0, defined through 
(|2.22| ), with domain q(1t^/ U °° +X j = 2^^°°) §i y en by (|2.23|) is closed but not densely 

defined. In fact Cq°(A) C Q{h^ d °°^ c L 2 (A) by the extension convention of Section g 

and the form is densely defined on L 2 (A). It gives rise to a self-adjoint non-negative 
operator on L 2 (A) which we denote by H Rd (A, /iE+ + V). For a function 


/ : R —» R, / continuous, lim f[x) = 0 (B.3) 

£—>■+00 

we define for G L 2 (M d ) 

f{H Rd (A,fxU^ + V)) ^ := f{H Rd (A,nUi + V)) ++). (B.4) 

Hence /(iL R d(A, /iE+ + V)) naturally extends to a bounded self-adjoint operator on 

L 2 (R d ). 

Our plan for the proof of Proposition |2.9| is summarized in the following six lemmas. 
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Lemma B.l 

Let A G 7Y; 0C (M d ), V G L°°(M d ), V > 0, ip G L 2 (M d ), p > 0, t > 0, A C R d open. Then 


lim 

n—»oo 


*—tH Rd (A, +V) _ e -tH Rd {A,f,U^+V)^ ^ 


= 0. 


(B.5) 


Lemma |B.1| serves for the proof of the Feynman-Kac-Ito formula for e tH md( A , pUoo+v). 


Lemma B.2 

Let A G Hi oc (R d ), V G L°°(M d ) ; V > 0, if G L 2 (M d ), p > 0, t > 0, A C R d open. Then 


e ~tH wd (A, fiU* +v) ^ j = ^ 
for almost all x G M. d . 


s -St(A,/iu4+vH = 


A,t( w ) V’MO) 


(B.6) 


The purpose of Lemma [B.2| is twofold. First, it immediately implies the inequality 

\ e -tH Rd (A,nU*+v)^ < e -tH ud ( o,o)|^| 5 ^ e L 2 ( A ), t > 0, (B.7) 

which is crucial in the proof of the following lemma. 


ALL 


Lemma B.3 

Let A G TtiocfR 11 ), AC| d open. Then the completion of the form domain Q[ h , 

with respect to the form-norm || • || h Ao is Q[ h^’° 

It'S V J 


This rather technical lemma singles out the difficult part of the proof of the next 
approximation. 

Lemma B.4 

Let A G Hi oc (^ d ), V G L°°(R d ), V > 0, -0 G L 2 (M d ), A C open, t > 0. Then 


lim 

/40 


^tH Rd (A^uL+V) _ e -tH A {A,V ) j ^ 


= 0. 


(B.8) 


The second purpose of Lemma [B.2| is, of course, to be used together with |B.4| to get 
the next variant of the Feynman-Kac-Ito formula. Assume A G Tt\ oc (R d ), V G L 0 °(R ci ), 
V > 0. Then Lemma |B.4| implies that the left-hand side of ( |B.6| ) tends to the left-hand 
side of ( |2.34| ) for almost all x G A as p j. 0 at least for a suitably chosen subsequence. 
Furthermore, the right-hand side of (|B.6|) converges to the right-hand side of (|2.34|) for 
almost all x G A as p j. 0 by the dominated-convergence theorem. One may relax the 
assumption V G L°°(M d ), V > 0 to V G L°°(IR d ) by multiplying both sides of (|2.34j) with 
e l m Em d V A ~). We summarize these findings in the following lemma. 
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Lemma B.5 


Let A G 7-0 oc (M d ) 7 V G L°°(M d ), 0 G L 2 (A), ACK d open, t > 0. Then / |i?. 3 A) holds 
for almost all x G A. 


With this statement at hand, the diamagnetic inequality (|2.25|) follows from the triangle 
inequality. This is just-in-time because we used ( 2.25|) in the case A C R d , A ^ R d for 
the construction of H\(A, V), A G 7di oc (M d ), V G /C±(M d ), in that case. 

Now we are ready to formulate the last approximation tool for the proof of Proposi¬ 


tion 2.9. 


Lemma B.6 

Let A G 7-0 oc (M d ), V G /C±(R d ), 0 G L 2 (M d ) ; ACl d open, t > 0 and set for n, m G N 

VJf(x) := sup{-n, inf{m,P(:r)}} 
and consequently = infjm, V(x)}. Then 

lim II ( e -^A(W) _ Q—tH A (A,v™)\ ^ || o 

n— kx) v ^ 

and 

lim || (e-tHRAVg) _ e ~tH A (A,v)\ ^ n = q 

rr»—n-v-i '' ' / II Z 


(B.9) 

(B.10) 

(B.11) 


Proof of Proposition |2.9| 

From ( |B.iq ) and ( |B.11| ) we conclude that for a suitably chosen subsequence 

_> (e~ tH ^ A,v ) (x) (B.12) 

as n, m —> oo for almost all iG A. From Lemma E3 we know that the Feynman-Kac-Ito 
formula holds for the left-hand side of ( jlh 1 2| ) and it therefore remains to show 

lim E, [ e - s ^ A ’ v ™W s A t (w) 0(w(t))] = E x [ e -*(^H S A , t («;) 0M0)] (B.13) 

n,m—> oo 


for almost all x G A. To this end note that 

|e- s ‘(W“)H A , t H| < 

and 


^-St(o,v-\w) 


E, 


>-s t (p,v-\w) 


0(w(t))| 


< 


-m Rd (o,v-) 


< OO 


2,00 


(B.14) 


(B.15) 


by (|2.34|) for A = R d and [^, Theorem B.1.1], see also Lemma |C.1| . Employing the 
dominated-convergence theorem we conclude that it is enough to establish 


lim / 

n,m—>oo J q 


K n (u;(s)) ds = / P(w(s))ds 


(B.16) 


for all x — w(0) almost surely. Since |Vj^| < |V| G /C±(M d ) this is achieved by applying 
dominated convergence with the help of Remark |2.8A0|. I 
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Proof of Lemma p.l 

Since and V are bounded one has from ( |2.23|) 


Q h 


A,nU£+V 


= S(fti°) 3 CIA 


A, fiU^+V 


= Q(h 


A,Ui 


(B.17) 


(B-18) 


(B.19) 


(B.20) 


These facts ensure that the monotone-convergence theorem for not necessarily densely 
defined sesqnilinear forms ||55|. Theorem 4.1], |h], Theorem 3.1.b)] is applicable and yields 
the generalized strong resolvent convergence 


and 

Q ( h wf ‘~) = e Q ( h vf) : sup^f"O,t/0 < oo 

' 7 f ' 7 neN 

Furthermore, we have by construction the monotonicity and boundedness 

h A, yU*t+V < , A, ^ +1 +V A, nU^+V N 

as well as the pointwise convergence 

lim +F (0, 0) = h^/ U °° +V (0,0), 0,0 G Q (h^™) . 


lim 

n—>oo 


1 + H R d(A, »U£ + V) 1 + H Rd (A, iiU a + V) 


0 


= 0 


(B.21) 


for all 0 G L 2 (M d ). This implies ||55| , Theorem 4.2] the strong convergence of 
{/ [H R d(A, fiUn + P))} neN for all functions / of type (|B.3| ). Especially, ( |B.5| ) follows. H 


Proof of Lemma |B72 


The Feynman-Kac-Ito formula ( j2.34|) for A = R“ tells 


-tH^A,^+V)X {x) = jg 


-S t {A,nU£+V\w) 


0(w(t)) 


(B.22) 


for almost all x G M d . From Lemma |B. 1| we learn that by passing to a suitable subsequence 
the left-hand side of (|B.22|) tends to the left-hand side of (|B.6|) as n —> oo for almost all 
x G W l . For the proof of the convergence of the right-hand side of ( |B.22|) to the desired 
limit we only have to check 




e -S(o,„[/£,M SjM(TO ) 


as n —> cx) for almost all w, because 


3 -St(A,MU£+V\w) 


< 1 


(B.23) 


(B.24) 


allows the application of the dominated-convergence theorem. 

If x — 'in(O) 0 A the left-hand side of ( |B.23|) tends to 0 for all continuous w. Therefore 
we may assume x G A. In addition it is sufficient to consider a path w which is Holder 
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continuous of order | ||56]. Theorem 5.2], Assume that w leaves A and set 0 < r < t to be 
the first exit time of w from A, that is 


r := inf{0 < s <t : w(s ) ^ A}. 


Then by ® , O 


(B.25) 


S t (Q, fjbU^\w) > fj, / inf{|w(s) — w(t)\ 3 ,n}ds 




, n > ds —> oo 


(B.26) 


as n —> oo, where the constant c > 0 depends on the path w. Thus ( |B.28| ) holds for almost 
all paths w that do not stay in A. But for a path w staying in A (|B.23p is a consequence 
of the monotone-convergence theorem. Whence (|B.23|) is true for almost all w. M 


Proof of Lemma B.3 


By definition, Q ( h A ’° j is the completion of Cq°(A) with respect to || • \\ h A,o. Moreover 
V / n m d 


C£°( A) C Q[ h ). Therefore, Q( /i^’ u ) is a subset of the completion of Q( /uW°° ). To 


A, 0 


A,U* 


prove the converse inclusion it is enough to establish that C^°(A) is dense in Qyh 
with respect to || • ||,a,o. This in turn follows, confer the proof of [|p| Theorem 1.13], from 

R d 


A,Ug 


the following three assertions: 

1) L°°(A) n Q(h 


A,U °°^ is dense in Q.(h A f°° 


2) Lg°(A) fl Qi h A f°° ) is dense in L°°(A) fi Q[ h } 


A,U„ 


3) Cq°( A) is dense in Lg°(A) fl Q (h 


A,U" 


Here denseness is always meant with respect to the form norm || • H^a.o and Lg°(A) denotes 

R d 

the space of bounded complex-valued functions with compact support inside A. 


As to assertion 1) 

Fix t > 0. Then e -tH K <i (" 4 ’ E; ° o )L 2 (A) is an operator core for H K d(A,U^ Q ) by the spectral 
theorem J51], Section VIII.8]. Consequently it is also a form core for h^ 00 . From ( |B.7| ) 
we conclude that e _t ' f/ R d ^ ,c/ “^L 2 (A) C L°°(A) and therefore 


L°°(A) n e -^ d(A ’ c/ - ) L 2 (A) C L°°(A) n Q(h A ’ d U ‘ 


(B.27) 


is dense in Q ( h 
follows. 




) with respect to || • || au a . Since || • || h A,o < || • || au a the assertion 

/ h m d °° R d \d °° 
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As to assertion 2) 

Pick ip G L°°(A) fl then diip G Lg°(A) fl for all l G N. We want to 

show ||0— di^WbAfi —> 0 as l —> oo. By the construction of d; we know that ||(1—i?j)0|| 2 —> 0 

R d 

for all cp G L 2 (A). Therefore, it remains to show 

lim ||HV - A)(0 - M)h = 0. (B.28) 

/—>oo 

The triangle inequality gives 

||(—iv - A)(0 - M)h < 11(1 - - A)0|| 2 + ||V>Vt?,|| 2 . (B.29) 

The first term on the right-hand side tends to 0 as l —> oo, because (—iV — A)ip G (L 2 (A)) d 
due to 0 G Q(j4*)- We even know ip G and therefore 

^2 ||0Vd/|| 2 < h^°°(ip,ip) < oo (B.30) 

l£ N 

which implies || 0 Vi ?/||2 —^► 0 as l —> oo. 


As to assertion 3) 

Pick ip G L“(A) fl j, then 5 r * ip £ C“(A) for suitably small r > 0, where 5 r is 

the approximate (5-function defined in Appendix |A]. Since lim r ^ 0 ||0 — S r * 0|| 2 = 0 for all 
0 G L 2 (A) we aim to show 


II(—*V — A)(ip — 5 r * 0)|| 2 —»■ 0 (B.31) 

as r | 0 at least for a suitably chosen subsequence. 

We first claim that V0 G (L 2 (A)) d . This follows from the fact that on the one hand 
Aip G (L 2 (A)) d because A G (L 2 0C (A)) c/ D 7di oc (!0) and ip G L“(A) and on the other hand 
(—zV — A)ip G (L 2 (A)) d because ip G ■ Therefore 

|||HV)(0 - S r * 0)|| 2 = IIV0 - S r * (V0)|| 2 - 0 (B.32) 


as r | 0. 

Let K C A denote the compact support of Sn*\ip\ for some small R > 0. Then for all 
0 < r < R 


\A(x)(ip - 6 r *ip)(x)\ < 21101100 X^( 3 ;) |A(x)|. (B.33) 

The right-hand side of this estimate - considered as a function of x - is in L 2 (A) because 
A G (L 2 oc (A)) . Moreover, we may choose a subsequence such that (ip — 5 r * ip)(x) —> 0 
for almost all x G A and then get from the dominated-convergence theorem 

II A(lp - S r * Ip) || 2 -> 0 


for this subsequence. 

The convergences (|B.32|) and (|B.34|) imply (|B.31|) and hence assertion 3. 


(B.34) 
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Proof of Lemma p.4 

Recall that 

A^U^+V 


C 0 °°(A) C Q[h^ u ~ +V ) = Q[h^ u ~) c Q[h,r) = Q{hi ’ v J C L 2 (A) (B.35) 

independent of fi > 0, where the inclusion follows from Lemma |B.3| . Therefore the 
monotonicity statement 

h U ™ +V (ip, ip) > h^ U ™ +V (ip, ip) > h A ’ V (ip, ip), n' > /X, 
and the convergence 

!im h^/ U ™ +V (ip, ip) = h A ' v (ip, ip) 


(B.36) 


#4 o 


(B.37) 


make sense for all ip G a nd follow from the construction of the forms. We 

conclude with the help of Lemma |B.3| that the monotone-convergence theorem for densely 
defined forms |55|, Theorem 3.2], |5T], Theorem S.16], see also |69|, Theorem 3.1.a)], is 
applicable and yields the strong resolvent convergence of H R d(A, /j-U^ + V ) to H a (A, V) 


as n | 0. According to |5T], Theorem VIII.20] this implies 


Proof of Lemma IB.6 


First we note that VP G L 


°o^tcpc?\ an( ] y™ <= /C(R d ) implies 
= Q(h£°) = Q(h 


Q[ 


A V 71 - 

Moreover, we know that h A ’ 00 is bounded from below. 
By construction of V™ we have the monotonicity 


h A V "(ip,ip) > h2' Vn+1 (ip,ip) > h A v °° (ip, ip) 


a,v; 


A V n 

^5 V OC 


and 


h A ' V °° (ip, ip) = lim h A ’ Vn (ip, ip) 


A,VZ 


(B.38) 


(B.39) 


(B.40) 


for all ip G Q(h A ’°j . These facts imply according to |55|, Theorem 3.2], j5T], Theorem S.16] 

the strong resolvent convergence of H\(A,V™) to H\(A,VP) as n —> oo. By 
Theorem VIII.20] Equation ( |B.10|) follows. 

To prove ( |B.11|) we first note that 


T := \ip e Q( h A ° ) : sup h A V °° (ip, ip) < oo\- (B.41) 

l ' ‘ me n J 

is dense in L 2 (A) because Cg°(A) C T. Furthermore we have the monotonicity 

h£ vs (M)< h A /~*' VO < VW VO (B.42) 

and 

h^ v (ip,ip)= lim h A ’ V °° (ip, ip) (B.43) 

m—>oc 

for all ip G T. With the help of |55], Theorem 3.1], (51], Theorem S.14] we conclude 
that T = Q,(ji A V ^J = 0,(h A ’ v j and the strong resolvent convergence of H\(A,V™) to 
H\(A, V) as m —> oo. Thus (|B.11|) follows by using [[51], Theorem VIII.20] again. H 


■A,V£ 
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Appendix C Brownian-motion estimates 


In this appendix we have gathered the probabilistic estimates which play a key role in the 
proofs of Theorems 0,0,0 0- 0,0,0 and |(To| . Our proofs of these estimates 
are inspired by ideas for zero vector potentials in [[H], Section III], |^8], § B.l, § B.10] and 
the more recent monograph |ll. Section 3.2], 


Lemma C.l 

Let {K} neN c /C ± (M d ) obey (Q). Then 

sup sup || 

ri<t<T2 nGN 


<p,q 


< oo 


(C.l) 


for all 0 < Ti < r 2 < oo and 1 < p < q < oo. Furthermore, for p = q one may allow 
Ti = 0. 


Proof: 


The Riesz-Thorin interpolation theorem |i0, Theorem IX. 17] and the self-adjointness of 
the semigroup imply that it is enough to prove the Lemma for the two cases p = q = oo, 
T\ — 0 and p — 1, q — oo, T\ > 0. 

In order to show this we first observe that 


g (o,vy) || 

111,CO — 


^ (0,Vn) 


12,co 


(C.2) 


holds by the semigroup property, the inequality (p,18| ) and by self-adjointness. Moreover, 
the inequality 


3 tH Rd(o,v„) || < (2nt) d ^ file tH s. d (°’ 2Vn l || ^ 

ll2,co — ' ' VII 11 co, co J 


1/2 


(C.3) 


follows from employing the Cauchy-Schwarz inequality in the Feynman-Kac-Ito formula 
and from the elementary estimate 


( e -tfl*d(o,o) |^|2^ ^ | < [ 2 'Kty d/2 di^iy 5 


(C.4) 


The combination of (|C.2| ) and ( |C.3|) shows that we are left to treat the case p = q = oo, 
T\ = 0. 

The semigroup property (|2.37|) and the inequality (|5.18|) yield 


3 ( 0 ,Vn) 


I 00,00 


< 


,-tH md (0,V n )/N 


I 00,00 


N 


N e N. 


(C.5) 


Therefore it suffices to prove the case p — q — oo, T\ — 0 for some small r 2 > 0. By (|5.7| ) 
and Remark f>.2.i)\ we may assume r 2 small enough to ensure 


a : = sup sup E a 

neN xeR d L Jo 


(*t 2 


K (w(s))ds 


< 1. 


(C.6) 
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Employing Khas’minskii’s lemma |38[], [lT], Lemma 3.7] we get 

1 


E4e“ 5i(0 ’'' 4lW ] < 


1 — a 

for all 0 < t < 72- By the Feynman-Kac-Ito formula it follows that 

1 


3 tH m d(fi,V n ) 


< 

loo ’ 0 ° ~ 1- a 


(C.7) 


(C.8) 


for all 0 < t < r 2 and n G N. ■ 

A glance at the preceding proof reveals that (|C.7|) not only holds for almost all x G M, d 
but for all x G M d . We state a frequently used consequence of this separately, see, for 
example, Proposition 3.8]. 


Lemma C.2 

Let V G JC±(R d ). Then 

sup sup E B [e- St(0 ’ v|,o) ] < oo (C.9) 

o <t<r xeK d 

for all t > 0. 


For our purposes it is essential to extend a previously known result for A 
Proposition 3.9] to A ^ 0. 


o im 


Lemma C.3 


Let A G Tt(R d ) and V G JC(R d ). Then 


lim sup E x 

d° igRd 


1 _ e -St(A,V\w)\P 


for all 0 < p < oo. 


0 


(C.10) 


Lemma C.4 

Let A G H(R d ), {A m } meN c H(R d ), V G /C(M d ) and {14} ne N C /C(M d ) such that 

„! in ^ o ll( A -^) 2 L(R d ) = 0 , ( c - n ) 

lim || V • A - V ■ A m || md) = 0 (C.12) 

and 


lim || V V n ||^( R d) 

n —>og v ’ 


0. 


(C.13) 


Then 


lim sup sup E x 

m,n ^oo 0<t<r a, e Rd 


e -St(A,V M _ e -St(A m ,V n \w)\P 


0 


(C.14) 


for all 0 < r < oo and 0 < p < oo. 
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Proof of Lemmas |C.3| and |C.4j : 

We start from the inequality 

' < 2 l+1 / q \ z -z'\ 1/q ^sup { Rez, Rez 7 } 


e z — e z 


(C.15) 


valid for all z, z! E C and 1 < q < oo. It can be inferred from the elementary inequalities 
1 — 2 \u\ 2 / q < cos u and |e“ — 1| < l-u] 1 /? e sup{«,o} f or a jj u e 

Choosing q such that 7 PQ/(q — p) > 0 we get from (|C.15|) 


2~ 2p E t 


\ e -S t (A,V\w) _ e -s t (A m ,v-„H|P 


< E f 


I S t (A -A m ,V- V n \w)\ p/q e- pS ^-v--Vn ~H 


< (E x [\S t (A-A mi V-V n \w)\}) p/q (E, 

< (E x [\S t (A-A m ,V-V n \w)\}) p/q 


>-'ySt(0,-V~-Vn\w) 


vh 


(C.16) 


x 



e ~ TH m d(0,-2 jv ) 

sup 

( 0,-27 V n ) 

V 





\ P/ 2 7 


3,00 j 


Here we have used the Holder inequality for the second step and the Cauchy-Schwarz 
inequality together with the Feynman-Kac-Ito formula for the third step. As remarked 
similarly in the proof of Theorem |5~5| , V E /C(M d ), {KjneN C JC(M. d ) and (|C.13| ) imply 
(13). Hence Lemma £3 can be applied to the right-hand side of ( |C.16|) . This guarantees 
together with (|2.40|) that it is sufficient to show 


lim sup sup E x [ \S t (A - A m , V - V n \w)\] = 0 

m,n—>oo o <t<r x&M. d 


(C.17) 


in order to prove Lemma CT4. Similarly, to verify Lemma C.3 it is enough to show 


lim sup E x [|5't(A,H|r(;)|] = 0, 

*1° ieR d 


(C.18) 


as can be inferred from (|C.16|) by putting there A m = 0 and V n = 0 and appealing to 

& 

To this end, the triangle inequality, the Jensen inequality and the isometry for 
stochastic integrals |25|, Theorem 4.2.5] or |3(| Proposition 3.2.10] yield 


E x [\S t (A-A m ,V-V n \w) 


< E 


L Jo 


1/2 


— E^ 
2 


E t 


L Jo 

rt 


(A m (in(s)) - A(w(s))) ds 
f \(V-A m )(w(s))-{V-A)(w(s))\ds 
\V n (w(s)) - U(w(s))| ds 


(C.19) 


Now (|C.17|) is implied by further estimating the right-hand side of (|C.19|) with the help 
of 

r 1 


E, 


f(w(s))ds 


L Jo 


< rE x 


L-/0 


/ (r 1 ^ 2 u;(s)) ds 


(C.20) 
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valid for / > 0 and 0 < t < r, and (|2.29|) in combination with ( |2.10| ). 

Eventually (|C.18|) follows directly from (|C.19|) for A m = 0 and V n = 0 by observing 

dm). ” ■ 


Lemma C.5 

Let A E 7ii oc (M d ) and V E K,±(R d ). Then 

limsupE x [|l - e ~SM,v\ w )\P 

^0 xGlK L 

for all compact K C W 1 and 0 < p < oo. 


= 0 


(C.21) 


Lemma C.6 


Under the hypotheses of Theorem \5.1\ one has 


lim sup sup E x 

m,n—>oo o <t< T x&K 


| e -,StP4,V» _ e -S t (A m ,V„\w)\P 


= 0 


for all compact K C M d , 0 < r < oo and 0 < p < oo. 


(C.22) 


Proof of Lemmas IC.5I and IC.6I: 


By Lemma |C.1| and a standard localization technique we will reduce Lemma |C.5| and 
Lemma |C.(j| to Lemma |(J.3| and Lemma |C . 4| . respectively. For this purpose it is convenient 
to define A 0 := 0 and Vq := 0. Moreover, we introduce the abbreviation 


n, t, x ) := E x 


| e -5 t (A,VH _ e -s t (A m ,Vn\w)\r EbrM 


By the Cauchy-Schwarz inequality we obtain 

T Pi oo(m,7z,f,x) < (E x . [1 - Z Br j(w)}) 1/2 (T 2 P ,oc(rn,n,t,x)) 1/2 
+ T PtR (m,n,t,x). 


(C.23) 


(C.24) 


The use of \z — z'\ 2p < 2 2p (\z\ 2p + \z'\ 2p ) for z, z' E C and of the Feynman-Kac-Ito formula 
leads to 


-rH md (0,-2pV ) 


+ sup 

°°,oo 


^2 P ,oo(rn,n,t,x) < 2 2p 

Levy’s maximal inequality |^6[ Equation (7.6')] gives 

lim sup E x [1 - = 0 


-rH Rd (0-2pV n ) 


00,00 


R —>oc 


xGlK 


. (C.25) 


(C.26) 


Now we insert the estimate ( |C.25|) into (|C.24| ) and use Lemma |C.1| and (|C.26| ) to observe 
that it is sufficient to show 


lim sup T PvR (0, 0, t , x) = 0 

x eRd 


(C.27) 
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and 


lim sup sup T P)R (m, n, t, x) = 0 (C.28) 

m,n —>oo o <t<r 


for all R > 0 in order to prove Lemma |C.5| and |CL6| . respectively. 

To this end, let @ A be as in Appendix [A], Then (|A.2|) implies that T PjR (m,n,t,x) 
as dehned in ( |C.23| ) does not change its value when one replaces A, A m , V and V n by 
A0 r+1 , A m 0^ +1 , VQ r+ i and V n Q R+ i, respectively. This shows that ( |C.27|) follows from 
Lemma |C.3| and (|C.28|) from Lemma p.4j , since A0# + i G H(R d ), {A m @A+i} meN C H(R d ), 
VQr + \ G /C(M d ) and {140/mlneN C H(R d ) by assumption. ■ 


Lemma C.7 

If A C M d is regular, then 

lim sup E y [SA,t(iu)] = 0 (C.29) 

r l^ \y—x\<r 

for all x G <9A, t > 0. If A is uniformly regular, then 

lim sup sup EASa Audi = 0 (C.30) 

HO x£dA \y_ X \ <r ^ ’ 


for all t > 0. 


Proof: 

The first assertion is not new. It is, for example, coded in [|6|. Corollary II.1.11], Therefore, 
we only show the second assertion, but remark that the appropriate simplification of the 
following proof works for the first one, too. 

We start from the simple estimate 

E y [S Avt (»] < E :y [5 A ,t-r(M» + r))} (C.31) 

valid for all 0 < r < t. Using the Markov property of Brownian motion we get 

Ey[Z A , t - T (w(. + r))] = (27T r)~ d / 2 J dz e~^^ 2T E 2 [E A , t - T M]. (C.32) 


This shows that the right-hand side of (|C.31| ), considered as a function of y G 
uniformly continuous for all 0 < r < t. Therefore, 


is 


lim sup sup E y [S A ,tM] < snp E x [E Att _ T (w(» + r))} 

r f0 X £Q A | y— x \<r x£dA 


(C.33) 


for all 0 < r < t. Now (|C.30|) follows from the definition (|2.42|) of uniform regularity. 


Lemma C.8 


Let A G Hi oc {M. d ). Then (| 6'. d) and f|6‘. r \) hold true for all t > 0, x, y G 
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Proof: 


For given t > 0, a:,t/ 6 l d we choose R > 0 such that x,y E B R . To show flOl) we use 
the estimate 

ct 

\ 2 


p; 


t,y 


(H(5(s))) ds = oo 


< P&", 


X Br (K s )) MKJ)) ds = ooj + P^sup \b(s)\ > R 


(C.34) 


Since 


lim Pg.<! sup \b(s)\ >R\=0, 


R —>oo 


0 <s<t 


it is enough to show that 




\f(K s ))\ ds 


Uo 


< oo 


(C.35) 


(C.36) 


for all / G /C(M d ). Using ( |6.5| ) and the time-reversal symmetry of the Brownian bridge, 
one has 


^0,.T 


- j-t 

< 2 1+d/2 J x ~ y ?/ 2t sup e z 

" rt/ 2 

/ \f(b{s))\ ds 

/ |/M«))| ds 

Jo 


Jo 


(C.37) 


Due to (|2.28|) the right-hand side is finite and ( |6.6|) is therefore established. 

By a reasoning analogous to the one leading to the condition ( |C.36|) it is sufficient to 
check ( En7l) for A E H(R d ) in order to prove it for A E H\ oc (M d )- To this end, we observe 


2 ~ d / 2 e ~( x ~y) 2 / 2t 
rt/ 2 


Tfft,y 

^0,x 


* A{b{s)) • V . &(s) ds 


ho 


t — s 


< 


E. T 


m t \ \ y~ w ( s ) j 

H(u>(s)) --ds 

t s 


+ 


E.„ 


rt / 2 , y — w(s ) 

A(w(s)) - --ds 


(C.38) 


Here we have again used ( |6.5| ) and the time-reversal symmetry. The first expectation on 
the right-hand side is seen to be finite for A 2 E /C(R d ) by the Cauchy-Schwarz inequality. 
The second expectation is finite for V • A E /C(R d ) due to the partial-integration identity 


E„ 


H(w(s)) 


y - w(s) 


= -E y [(V-A)(w(s))}. 


(C.39) 


Hence we are done. 
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